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Abstract. We classify symmetric backgrounds of eleven-dimensional supergravity up to local isometry. In 
other words, we classify triples ( M, g, F ), where ( M, g ) is an eleven-dimensional lorentzian locally symmetric 
space and F is an invariant 4-form, satisfying the equations of motion of eleven-dimensional supergravity. The 
possible ( M, g ) are given either by (not necessarily nondegenerate) Cahen-Wallach spaces or by products 
AdSfl X M.i^"'^ for 2 ^ d ^ 7 and M^^""* a not necessarily irreducible riemannian symmetric space. In most 
cases we determine the corresponding F-moduli spaces. 
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1 . Introduction and motivation 

It is now a theorem that 10- and 11 -dimensional supergravity backgroimds preserving more than one 
half of the supersymmetry — hereafter referred to as |+ backgrounds — are homogeneous In 

EMPG-ll-28. 
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fact, those those symmetries of the background which are a consequence of the supersymmetry already 
act transitively. The more precise statement is that the tangent space to the spacetime at any point is 
spanned by Killing vectors which are constructed by squaring the Killing spinors of the background. 
This result implies that classifying homogeneous supergravity backgrounds automatically classifies ^ + 
backgrounds — this being one of the main goals in the study of supergravity backgrounds. 

Let us say an eleven-dimensional supergravity background (M, g, F) is homogeneous if (M, g) is a ho- 
mogeneous eleven-dimensional lorentzian manifold, F is an invariant closed 4-form, and both g and F 
satisfy the field equations of eleven-dimensional supergravity with zero gravitino, to be reviewed in Sec- 
tion|3] If in addition (M, g] is a symmetric space, then we say that (M, g, F) is a symmetric background. 
For a homogeneous background, the field equations, which in general are nonlinear PDEs, become al- 
gebraic; whereas for a symmetric background these equations are further simplified due to the fact that 
an invariant form on a symmetric space is automatically closed and coclosed. 

This paper represents a first step in the classification of homogeneous supergravity backgrounds of 
eleven-dimensional supergravity. In it, we will classify those homogeneous supergravity backgrounds 
which are symmetric. A second paper ||4| will report on the similar classification for type IIB super- 
gravity, whereas a third paper 1 5 1 will report on a classification of homogeneous backgrounds which are 
candidate dual geometries to M2 branes. One of the lessons learnt from this body of work is that it is 
possible to make real progress on the classification problem of homogeneous supergravity backgrounds, 
thanks in part to the ongoing progress in our understanding of homogeneous lorentzian geometry. This 
is perhaps not so evident in this paper, but underlies the results in |5|. 

This paper is organised as follows. In Section|2]we discuss the basic geometric ingredients: namely the 
lorentzian symmetric spaces. Since we do not assume that the space be irreducible (or even indecompos- 
able), we must take into account products of lorentzian symmetric spaces with riemannian symmetric 



spaces, which themselves need not be irreducible. Therefore in Section 2.1 we review Cartan's classific 



ation of irreducible riemannian symmetric spaces, whereas in Section 2.2 we review the classification of 
indecomposable lorentzian symmetric spaces due to Cahen and Wallach. In Section 2.3 we put the pre- 
vious results together and count the number of (families of) eleven-dimensional lorentzian symmetric 
spaces. We find that there are 1978 such families which, in principle, should be checked to see whether 
they can support the necessary fluxes to become a supergravity background. Luckily, after a little work, 
one can rule out many of those geometries. This is done in Section|3j which starts in Section 3.1 with a 



review of the supergravity field equations. In Section 3.2 we deal with the case of backgrounds with zero 



flux and show that they are all given by (possibly decomposable) Cahen-Wallach pp-waves. In Section 



3.3 we look at those cases where the geometry is static with a metric of the form — dt^ + h, where h. is 



a riemannian (locally) symmetric metric. In Section 3.4 we rule out backgrounds where the lorentzian 



factor is locally isometric to de Sitter space. Finally, in Section 3.5 we consider those backgrounds where 
the lorentzian factor is a Cahen-Wallach pp-wave and conclude that all such backgrounds are given by 
(possibly decomposable) Cahen-Wallach spacetimes. This leaves the problem of classifying those back- 
grounds whose geometry is of the form AdS2^d<7 xM^^"''. There are 568 possible geometries, many of 
which are ruled out and the rest are examined in detail in Section |4j where we list the possible back- 
grounds and in most cases determine the F-moduli space of allowed fluxes. The paper ends with two 
appendices. In Appendix[A]we collect detailed information on the geometry of certain riemannian sym- 
metric spaces which we needed in the calculations of Section|4]and in Appendix[B]we list, for complete- 
ness, those anti de Sitter geometries which cannot support symmetric supergravity backgrounds due to 
the lack of suitable fluxes. 

The symmetric backgrounds are to be found throughout the paper in boxed equations, such as equa- 
tion ( |40) for the Cahen-Wallach backgrounds. The many anti de Sitter backgrounds in Section|4]are also 
similarly adorned. There are many figures in the paper summarising the moduli space of fluxes for some 
of the different anti de Sitter geometries. We should emphasise that we only work with local metrics, so 
that topology will not play a significant role. In particular, when we write or T'^ we do not necessarily 
mean a circle or a flat torus, but simply a flat space of that dimension. We could have equally well written 
Mor M". 

A note to the reader. Given the vast literature on supergravity solutions, it is very likely that some of 
the symmetric backgrounds constructed in this paper coincide with backgrounds which have appeared 
in earlier work, perhaps as special cases of a more general family of backgrounds. This is most certainly 
the case with the Freund-Rubin AdS4 backgrounds in Section [45] and the Cahen-Wallach backgrounds 



in Section 3.5 but I expect more examples to surface. I would appreciate being notified of such cases 
so that I may both properly attribute the discovery of the background and place this work in a broader 
context. 
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2. The local geometries 

In this section we list the basic ingredients of the classification: namely, lorentzian symmetric spaces. 
A lorentzian (locally) symmetric space (M, g) is locally isometric to a product 

M = Mo X Ml X ■ ■ ■ X Mk (1) 

where Mp is an indecomposable lorentzian symmetric space and the M^ for i > are irreducible rie- 
mannian symmetric spaces. We now proceed to list these basic ingredients. 

2.1. Irreducible riemannian symmetric spaces. Irreducible riemannian symmetric spaces were classi- 
fied by Elie Cartan (see, e.g., Q). Every symmetric space is determined locally by a pair of real Lie 
algebras (g, t) with 6 c g. Letting p denote an t-invariant complement of t in g, so that g = tQp, we have 
that 

[e,t]ct [ip]cp [p,p]c£. (2) 
The holonomy algebra is t and the holonomy representation is the action of t on p induced from the 
adjoint representation of g. Therefore the space of parallel forms in the symmetric space corresponding 
to (g, 6) is isomorphic to the ^-invariant subspace of A*p. 

Table [T] lists all the irreducible riemannian symmetric spaces of dimension less than or equal to 10, 
together with the ranks of the parallel forms. Each row in the diagram corresponds to two symmetric 
spaces: one compact and one noncompact. The names in the last column correspond to the compact 
spaces and use the following notation Gj(p, n) denotes the grassmannian of oriented real p-planes in 
IR'^/ Gc(p, Ti) is the grassmannian of complex p-planes in C^, ASSOC is the grassmannian of associative 
3-planes in M'' and SLAGn in the grassmannian of special lagrangian planes in C^. 

Table i. Irreducible d-dimensional riemannian symmetric spaces with d ^ 10. The 
names are those of the compact forms. 



dim 


g (compact) 


g (noncompact) 


i 


f-inv. forms 


Name 


2 


u(2) 


u(l,l) 


u(l)ffiu(l) 


0,2 




3 


su{2) ffisu(2] 


s((2,C) 


su(2) 


0,3 


S3 


4 


u{3) 


u(2,l) 


u(2)©u(l) 


0,2,4 


CP^ 


4 


BP(2) 


sp(l,l) 


sp(l)©sp(l) 


0,4 




5 


su(3) 


s[(3,M) 


so{3] 


0,5 


SLAG3 


5 


su(4) 


5[(2,H) 


BP (2] 


0,5 




6 


u(4) 


u(3,l) 


u{3)ffiu{l] 


0,2,4,6 




6 


B0[7) 


so (6,1] 


so(6] 


0,6 


S6 


6 




3p(2,M) 


u(2) 


0,2,4,6 


G;(2,5) 


7 


so(8) 


50(7,1] 


so(7) 


0,7 




8 


u(4) 


u(2,2] 


u(2)ffiu(2) 


0,2,42,6,8 


Gc(2,4] 


8 


u(5) 


u(4,l] 


u{4)ffiu(l) 


0,2,4,6,8 


CP* 


8 


so(9] 


so (8,1] 


so(8] 


0,8 




8 


sp{3] 


sp(2,l) 


sp(2)ffisp(l) 


0,4,8 


HP2 


8 


02(-14) 


B2(2) 


sp{l]ffisp(l) 


0,4,8 


ASSOC 


8 


su(3) ffisu(3) 


sl(3,C) 


su(3) 


0,3,5,8 


SU(3] 


9 


su(4) 


s[(4,M] 


so{4] 


0,4,5,9 


SLAG4 


9 


so(lO) 


so (9,1] 


so(9] 


0,9 


s" 


10 


u(6) 


u(5,l] 


u{5]ffiu{l) 


0,2,4,6,8,10 


cp5 


10 


so(ll) 


so(10,l] 


so(10] 


0,10 




10 


so(7) 


so(5,2] 


so(5) ffiso(2] 


0,2,4,6,8,10 


G;(2,7) 


10 


sp(2)©sp(2) 


3P(2,C] 


sp(2] 


0,3,7,10 


Sp(2] 
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There are several cases where two spaces have the same invariant forms. One could ask whether they 
are diffeomorphic, but have different metrics (perhaps related by "squashing"). There are no diffeo- 
morphic pairs, though. 

It is instructive to understand why G := Gg(2, 7) ^ CP^. I owe the following beautiful argument to 
Elmer Rees. Let V := (M^) denote the Stiefel manifold of oriented orthonormal 2-frames on IR''. Clearly 
V fibres over G with fibres SO (2). This is the principal circle bundle associated to the tautological bundle 
of G, whose first Chern class is the generator of H^(G). In contrast the principal circle bundle associated 
to the line bundle with first Chern class the generator of H^(CP^) is the 11-sphere S^^. Thus we will have 
shown that G ^ CP^ if we show that V ^ S^^. To see this we notice that V fibres over with fibre S^. The 
map V — )• is given explicitly by sending the ordered 2-frame (ei, 62) to ej e c M''. The fibre consists 
of all unit norm vectors on the c M'' perpendicular to e\. In other words, the fibration V — is 
nothing but the sphere tangent bundle of S^. We now use the Gysin sequence associated to this fibration, 
which contains a short exact sequence of the form 

> h5(V) > hO(S6) — ^ h6(S6) > H'^(V) \ (3) 

where e is the Euler class of the fibration. Because the Euler characteristic of is equal to 2, the middle 
map is actually 

Z Z (4) 

whence h5(V) = and H^IV) = Z/2Z, and hence V ^ since H'5(S") = 0. A similar argument shows 
that G+(2,5) ^ CP^ Similarly, one can show that ASSOC ^ HP^. In fact, they are not even homotopy 
equivalent J/J. Finally, SLAG3 ^ S^; although it is a homology sphere. 

2.2. Indecomposable lorentzian symmetric spaces. Indecomposable lorentzian symmetric spaces have 
also been classified |8 9|. Apart from the space forms (i.e., de Sitter and anti de Sitter spaces), there is 
a third family of indecomposable lorentzian symmetric spaces with solvable transvection group. The 
corresponding symmetric pair of Lie algebras is defined as follows. 

Let V be a (d— 2) -dimensional real vector space with euclidean inner product (—,—). Let V* be the 
dual space and let A e S^V* be a symmetric bilinear form on V. The inner product induces musical 
isomorphisms 

b : V ^ V* and tt : V* ^ V . (5) 

Similarly, A defines a linear map V — > V, also denoted A and defined by (A(vi], V2) = A(vi,V2). Let Z be a 
one-dimensional real vector space with basis e+ and let Z* be its dual, with canonical dual basis e_ . Let 
= V © V* © Z © Z* with the following nonzero Lie brackets: 

[e_,v]=v^ [e_,a]=A(a«) [a, v] = A(v, a") e+ , (6) 

where v e V, a G V*, e+ e Z and e_ e Z* its dual. Notice that, in particular, Z is central and V and V* are 
abelian. These brackets define a Lie algebra by virtue of A being symmetric. It is evident, moreover, that 
is central, whence gA is solvable. 

Let {a = V* and pA = V © Z © Z*. This is a symmetric split of gA and the corresponding symmetric 
space inherits the metric from the t a -invariant symmetric bilinear form B on pA defined by 

B(vi,V2) = (vi,V2> and B(e+,e_)=l, (7) 

for vi, V2 6 V. In particular, Z and Z* are isotropic subspaces. This means that B has signature (d — 1, 1). 

Let G A denote the simply-connected Lie group with Lie algebra ja and let Ka denote the Lie subgroup 
corresponding to Ia- Then the bilinear form B on pA gives rise to a lorentzian metric on Ma = Ga/Ka- 
It is easy to find an explicit coordinate expression for this metric. Let be an orthonormal basis for V 
(with corresponding dual basis e? for V*), and introduce local coordinates x+,x~,x^ associated to the 
basis {e+, e_, ei} for pA. This allows us to embed Ma in Ga via a : Ma Ga, where 



a(x"'',x ,x^) = exp(x+e+) exp(x e-) exp x^e^^ 



(8) 



PuUing back the left-invariant Maurer-Cartan form from Ga to Ma via cr, we obtain 

CT-ld(T=CU + e, (9) 

where the t a -connection cu and the p a -valued soldering form 6 are given by 

dx-^x^et (10) 



cu 
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and 



e = dx"e_ +^ dx^Ci + |^dx+ + ^ ^ Aijx'xMx"j e+ . 

The G A -invariant metric on Ma is given, in these coordinates, by 

ds^ = B ( e, e ) = 2 dx+ dx" + ^ Ay x^x' ( dx" )2 + ^ dx^ dx^ 



(11) 



(12) 



It is not hard to show that the resulting lorentzian symmetric space is indecomposable if and only if A is 
nondegenerate . 

It is also clear that if A' = c OAO*, where c is a positive scalar and : V — )• V is an orthogonal trans- 
formation, then Ma and Ma' are isometric. Indeed, the diffeomorphism is given explicitly by rotating 
the x^ by O and then rescaling x^ i-s- v^c^x^. 

This allows us to diagonalise A, choose an ordering for the eigenvalues and rescale them by a positive 
constant, and in this way parametrise the family of metrics. Doing so one sees that for d = dim Ma ^ 3, 
the indecomposable such metrics live in a (d — 3) -dimensional family, parametrised by = (S*^"^ — 
A)/6d-2/ where 

A = { (Ai, A2, . . . , Ad-2) e S'l-^ c I A1A2 ■ ■ ■ Ad-2 = 0} (13) 
is the subset of S'^"'' consisting of points where at least one of the coordinates is 0, and ©d-2 is the 
permutation group acting in the obvious way in M"^"^. Every point in Md is thus uniquely determined by 
an ordered ( d— 2 )-tuple of nonzero real numbers {At} normalised to having unit norm. The corresponding 
metric can be read off from 1 12 1: 



d-2 d-2 

ds^ = 2dx+dx- + ^ Ai [x'f[dx-f + ^{dx'f . (14) 

i=i i=i 

Let us refer to these spaces as Cahen-Wallach spaces, and denote them by CWd (A), where A 6 Md or, more 
invariantly, by CWd(A), with the understanding that CWd(A) = CWd(A') if and only if A' = c OAO* as 
before. 

The Riemann curvature and Ricci tensors of the Cahen-Wallach space CWd (A) = CWd (A) have the 
following nonzero components 

d-2 



R_ 



1-) 



-Aij 



-Ai6i 



and 



R_ 



-tr A 



(15) 



i=i 



whence the scalar curvature vanishes. 

The holonomy of the Cahen-Wallach space CWd (A) is isomorphic to t a — and the representation 
is induced by the adjoint action of £a on pA ■ It is not hard to show that the ^a -invariant subspace of ApA 
is spanned by the constants together with pol5rvectors of the form e+ A (\>, where 4) e AV. This means 
that the corresponding parallel forms on CWd (A) are the constants together with dx~ A cp where tp is 
any constant-coefficient form 

cp= Ciii2...ipdx^i Adx^^ A-.-Adx^" . (16) 

l<ii<i2<-<ip<d-2 

Table |2] lists the indecomposable lorentzian symmetric spaces together with the ranks of the parallel 
forms. This information is encoded in the Pouicare polynomial: 

d 

P(t)=^bit\ where bi = dimR (A^p) ^ (17) 

i=0 

In the Table, the notations 0(A] and 1(A) refer to the Lie algebras gA and Ia defined above, where A e Md 
characterises the symmetric bilinear form A up to the equivalence relation defined above. 

Table 2. Indecomposable d-dimensional lorentzian symmetric spaces. 



type 





I 


{-invariant forms 


dSd 


so(d,l) 


so(d-l,l) 




AdSd 


so(d-l,2) 


so(d-l,l) 




CWd (A) 


0(A) 


«(A) 


l+t(l+t)'i-2 + t<i 
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2.3. Statistics of symmetric backgrounds. Let us count the number of (families of) eleven-dimensional 
lorentzian symmetric spaces. Every indecomposable symmetric space (except for the Cahen-Wallach 
spaces) has a parameter corresponding to rescaling the metric. As discussed above, indecomposable d- 
dimensional Cahen-Wallach spaces come in (d — 3)-parameter families. We will ignore these parameters 
in the counting, whence we will coimt families of geometries and not the geometries themselves. Each 
such geometry is of the form x Rii_d, where L is a d-dimensional indecomposable lorentzian sym- 
metric space and R is an (11 — d)-dimensional riemannian symmetric space which is made out of the 
ingredients in Table [T] Let id denote the number of irreducible d-dimensional riemannian symmetric 
spaces up to local isometry. Clearly ii = 1 since M and are locally isometric. The other values of id can 
be read from Tabled 

Table 3. Number of irreducible riemannian symmetric spaces up to local isometry 

1234567 8 9 10 



i-d 



1224462 12 4 



We now let Td denote the number of d-dimensional riemannian symmetric spaces up to local isometry. 
Clearly, 

d=l d=l 

Since we are interested only in d < 10, we can simply compute the first 10 terms in the left-hand side 
10 T 

1 + 1 + 3t2 + 5t3 + 131^ + 21t5 + 47t'' + 73t^ + 1611^ + 253t'' + A97t^° + O (t") , (19) 



d=l 



from where we can read off the values of td. These are tabulated in Table |4] 

Table 4. Number of riemannian symmetric spaces up to local isometry 



d 


1 


2 


3 


4 


5 


6 


7 


8 9 


10 




1 


3 


5 


13 


21 


47 


73 


161 253 


497 



Finally we let Id denote the number of indecomposable lorentzian symmetric spaces up to local iso- 
metry. The total number of possible geometries is then 

11 

N=Y_ fdTii-d . (20) 

d=i 

We notice that £1 = 1, ^2 = 2 and ld>2 = 3, whence 

N = 3(1 Ti r2 ■ ■ ■ + Tg) 2r9 + rjo 

= 3(1 -Fl + 3 + 5 + 13 + 21 47 73 161) 2 x 253 + 497 (21) 
= 1978 . 

Luckily we will not have to check them all. 

3. Symmetric supergravity backgrounds 



3.1. The supergravity field equations. Following the conventions of pO| , the bosonic part of the action 
of d=ll supergravity is (setting Newton's constant to 1) 

(lRdvol-lFA*F-F ip AF AA) , (22) 

where F = dA locally, R is the scalar curvature of g and dvol is the (signed) volume element 

dvol := v/jgl dx° A dx^ A • • • A dx^" . (23) 
The Euler-Lagrange equations following from <[22) are 



d*F = If AF 



(24) 

Ric(X,Y) = 1 (lxF,lyF) - ig(X,Y)lFl2 , 
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for all vector fields X, Y on M. In this equation we have introduced the inner product (— , — ) on differential 
forms, defined by 

(e, cu) dvol = e A ★cu , (25) 

and the associated norm 

iep = (e,e), (26) 

which in a lorentzian manifold is not positive-definite. 

It is well known that the field equations | [24) are invariant under the homothetic action of : (g, F) i-s- 
(e^^g, e^*F), where t e M. Indeed, under g i-)- e^^g, the Levi-Civita connection, consisting of terms of the 
form g~^dg, does not change. This means that the (3, 1) Riemann curvature tensor is similarly invariant, 
and so is any contraction such as the Ricci tensor. Under F i-s- e^^F, the tensor in the right-hand side of the 
Einstein equation is similarly invariant, since the e^* coming from the two Fs cancels the e~^* coming from 
the three g~^s. On the other hand, the Bianchi identity dF = is clearly invariant under homotheties and 
the Maxwell-like equation is as well. Indeed, using that the Hodge ★ acting on p-forms in a D-dimensional 
manifold, scales like e'°~^'''* under g i-s- e^*g, we see that ★ acting on 4-forms in 11-dimensions scales 
like e-'*, just like F, whence both sides of the Maxwell-like equation scale in the same way: namely, e^^. 

This means that the moduli space of eleven-dimensional supergravity backgrounds admits the action 
of and hence it is a cone. Some backgrounds, of course, might actually be invariant under this action. 
This is the case with the Minkowski vacuum or more generally any vacuum of the form CWd (A) x M^^~ 
as we will see just before the start of Section |4] 

The homothetic action of can be extended to an action of by letting —1 e act by simul- 
taneously reversing the orientation of the spacetime and changing the sign of F. This operation is often 
called "skew-whiffrng" in the early Kaluza-Klein literature (see, e.g., |11|). This accounts for an addi- 
tional parity symmetry in the resulting moduli spaces. 

We now specialise to symmetric backgrounds where both g (and hence the curvature tensors) and F 
are invariant under the isometry group. Every homogeneous (pseudo)riemannian manifold has a canon- 
ical connection and symmetric spaces are precisely those for which the canonical connection coincides 
with the Levi-Civita connection. This means that invariant tensors are actually parallel with respect to a 
torsion-free connection and, in particular, this means that dF = d ★ F = 0, reducing the field equation for 
F to the algebraic equation F A F = 0. 

For a symmetric space M = G/K with g = t ffi p, the Ricci tensor at o e M is given by a very simple 
expression derived, for example, in p2) . If X, Y e p, then at o 

Ric(X,Y) =-tr(adxoadY)|p . (27) 

In practice, though, we will not need to compute the Ricci tensor in this way. The fact that for an irre- 
ducible symmetric space with symmetric pair (g, t), the linear isotropy representation of f on its comple- 
ment p is irreducible, implies that any two invariant symmetric bilinear forms are proportional. Hence 
the Ricci tensor, being an invariant symmetric bilinear form, must be proportional to the metric. The 
proportionality constant is then determined in terms of F from the supergravity Einstein equation. 

We now proceed to study the field equations. We will see that as simple consequences of them we shall 
be able to discard all backgroimds except for those of the form CWd^sl A) xM^^"'' and AdS2^d^7 xM^^""^. 

3.2. Cases where F = 0. The equations of motion for F = say that g is Ricci-flat. It is not hard to see 
from our list that the only Ricci-flat lorentzian symmetric spaces are of the form CWj (A) x M^^"'^, where 
tr A = 0. Therefore any other geometry which forces F = cannot appear. These are listed in Appendix 

EH 

3.3. The case of d = 1. In this case, the metric takes the form 

g = -dt2 + g. (28) 

The flux can be of one of three types: 

(1) P = F, 

(2) F = dt A F, and 

(3) F = dt A G + F, 

where here and in the sequel a bar denotes the absence of a dt component. Since t is a flat direction, the 
it component of the Ricci curvature vanishes, whence 

Rtt = i|FtP+^|F|2=0, (29) 

where Ft is the 3-form defined by Ft (X, Y, Z) = F(9t, X, Y, Z). Applying this equation to each of the above 
three cases in turn, we find 



8 
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(1) = 1|F|2 ^_1F1=0 =^ F = =^ F = 0, 

(2) = 1|F|2-1|F|2 =^ |F|=0 =^ F = =^ F = 0,cmd 

(3) = l|Gp + 1|F|2, but |F|2 = |F|2 - IGp, whence l\W + l\W = G=F = =4> F = 0. 

Therefore the only solution is such that F = 0, which means that g is Ricci-flat and hence flat. The only 
solution is therefore the Minkowski vacuum of eleven-dimensional supergravity. 

3.4. No de Sitter backgrounds. We will now show that no de Sitter background can occur. Let \i,y, ... 
be lorentzian indices and a, b, ... be riemannian indices. If F = F, meaning that it has no lorentzian 
components, the Einstein equations are 

R^, =-l|F|2g^,, (30) 

which implies that the lorentzian factor is AdS^. This gets rid of any case where F = F is forced and yet 
the lorentzian factor is not AdS^. This includes any background of the form dSd xM^^~'* for d > 5. We 
can do better, though, and in fact discard all the de Sitter backgrounds. 

Indeed, it is easy to dispose of the backgrounds of the form dSci^4 xM^^~'^ as well. For such back- 
grounds the most general 4-form F is of the form F = A cu + F, where va is the volume form of dSa, 
o) e n''~'^(jVl) and F e D.'^iM). It follows that |Fp = |Fp — |cup, whence the dSd-components of the Einstein 
equation are 

Rvtv = I (F^,F,> - lg^.(|F|2 - |a.|2) . (31) 
However (F^, F^) = — leu pg^^, whence 

R^t. =-^g^.(2|a>|2 + |F|2), (32) 
which is absurd, since dSd has positive scalar curvature. 



3.5. Cases where Mq = CWd(A). The near Ricci-flatness of Cahen-Wallach spaces and the non-Ricci 
flatness of riemannian symmetric spaces can be very useful in eliminatrng many other candidates from 
the list. Let us assume a geometry of the type CWci(A) x M^^""^. 

3.5.1. The case d > 4. First we shall assume that d > 4. In that case, letting i, j, . . . denote transverse 
indices in CWd(A), the 4-form F can only have the following nonzero components: F_ijk, T-ija, F_iab/ 
F_abc and Fabcd- The riemannian components of the Einstein equations in this case are 

Rab = 2(Pa,Fb)-||F|2gab. (33) 

Now, if Fabcd = then |F| = and hence the Einstein equations become 

Rab = i(Fa,Fb> =0, (34) 

whence M is flat and the solution is locally isometric to CWd (A) x M^^~'^. On the other hand, if Fabcd 7^ 0, 
then |F| 7^ and the Einstein equations say that 

Ry = 5lFpgij/0, (35) 

which is absurd, unless d = 2 (so that there are no transverse dimensions). But CW2 is flat, so we are 
actually back to the d = 1 case discussed in Section 3.3 resulting in the Minkowski vacuum. This deals 
with all CWd X M""'1 from the list, except for d 4. 

3.5.2. The case d = 4. Here we can have one extra component for the 4-form, namely f = F^ u- The 

Einstein equation together with the vanishing of the component of the Ricci tensor become 

(F+,F_) = lg+_|F|2. (36) 

This equation is still true relative to a Witt frame, in which case both parts of this equation become 

(F+,F_)=-f2 and |Fp = |F|2 - f2 , (37) 

where F has components Fabcd- Into equation | [36) , we now see that 



i|F|2+§f2=0 =4> f = F = 0. (38) 



Thus we are reduced to the case d > 4 treated above, with the same conclusion. 
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3.5.3. The case d = 3. The 4-form can have the following components: F+_ia, ^-lah, F-abc and Fabcd- The 

component la is nonzero if and only there is an factor in M. But this is then basically a degenerate 

case of CW4. We did not use nondegeneracy when discussing the d = 4 case, whence the same result 
obtains. 

In summary, we have that the only possible backgrounds with a Cahen-Wallach space are CWd(A) x 
E^^~'^ and d ^ 3. As we have seen above, the 4-form is F = dx~ A cp. It follows that [F| = and F A F = 0, 
so the only field equation which is not trivially satisfied is the — component of the Einstein equation: 

R__ = l(F_,F_) = li(p|2. (39) 

This simply imposes the condition tr A = — ||(pp on the matrix A defining the Cahen-Wallach space. 

In summary, we have the following family of backgrounds, with cp a transverse constant-coefficient 
3-form (relative to the flat coordinates): 



CWd>2(A) X M"-'i F = dx-Acp trA = -l|(p|2 



(40) 



Such backgrounds are invariant under the homothetic action of M"*" . Indeed, if we let (g, F) i-)- (e^*g,e^^F), 
then we may undo this via the following diffeomorphism: x~ i-s- x~, i-)- e*x^ and x+ i-s- e^*x+; that is, 

e^^g{x+,x-,x'] = g{e^^x+,x-,e^x'] and e^^Y(x+ ,x- ,x') = V{e^^x+ ,x- , e^x^] . (41) 



Symmetric Cahen-Wallach backgrounds have been considered in earlier work l|T3|-[T6|. In fact, since 
the property of being symmetric is preserved under geometric limits | llj 17j, the plane-wave limits of the 



AdS backgrounds to be discussed in the next section are symmetric Cahen-Wallach backgrounds. This 
was, in fact, the original interest in Cahen-Wallach backgrounds. Although we shall not do this in this 
paper, we should remark that the possible plane-wave limits of symmetric spaces are easy to determine. 
In fact, symmetric spaces are particular examples of geodesic orbit spaces, which are manifolds whose 
geodesies coincide with the orbits of one-parameter subgroups of isometrics. In particular, the geodesies 
are homogeneous, for which there is a well-developed theory of plane-wave limits |18 19 1 including an 
explicit Lie-theoretic formula relating the choice of geodesic to the geometry of the plane wave which is 
very easy to implement. 

4. Anti de Sitter backgrounds 

It remains to study those backgrounds of the form AdSd^2 x M^^""^, such as the well-known Freund- 
Rubin backgrounds AdS4 x and AdSz x S^, and we do this now. The first observation is that we must 
restrict to d < 7, since if d > 8 there are no invariant 4-forms: the only invariant forms in AdSd are 
the constant functions and constant multiples of the volume form and there are not enough riemannian 
dimensions. Hence we are left with backgrounds of the form AdS2^d^7 xM^^~'^. There are 568 possible 
such geometries, but thankfully many of them can be ruled out because they do not admit invariant 4- 
forms compatible with the field equations. Such geometries are described for completeness in Appendix 
|B] In the rest of this section we list the possible backgrounds and as far as possible we determine their 
F-moduli. 

A word about notation. We label the possible geometries using the compact forms of the riemannian 
symmetric spaces. The Einstein equations will determine whether it is the compact form or the non- 
compact dual which arises for a particular F. Notice however that since we are only concerned with 
a classification up to local isometry, the topology will play no role. In particular, when we write T"^ 
we only mean an n-dimensional flat riemannian manifold and not necessarily the n- torus; although we 
might indeed refer to it by name as a torus. 

Unless otherwise noted, we use the following notations: 

• V denotes the volume form in AdSd; 

• cu usually denotes the Kahler form of a hermitian symmetric space, such as CP"^ or (2, 7); 

• a usually denotes the volume form of a sphere; 

• the flat directions on T^ are usually denoted {)"; 

• AdS indices are usually denoted \i,y,..., whereas riemannian indices are a, b, . . . ; 

• coframes are usually denoted 0" and the shorthand 0'''' c jg ^ggd for 0'' A 0*' A ■ ■ ■ A B'^. 

4.1. A useful heuristic. There is a useful heuristic which allows us to discard some candidate back- 
grounds and at the same time provides a useful check of our computations. This is the fact that the 
Einstein equation implies an overall balance between the scalar curvatures of the AdS and riemannian 
factors. Although, the precise nature of the balance depends on the explicit form of F, it is not hard to 
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show that in a background of the t5^e AdSp xK^^~p, where K is not necessarily irreducible, the scalar 
curvature of K has to be positive. Let us show this. We shall adhere to the notation explained above. 

First let us consider the case of p > 4. Since the only invariant forms on AdSp are the constants and 
the volume p-form, if p > 4, F must have no legs along AdSp . From the Ernstern equation we have that 
= — ggixvlFp where |Fp > 0, whence the Ricci scalar of the AdS factor is — gplFp, which is indeed 
negative. On the other hand Rab = ^^gabl^F which means that K has positive scalar curvature. 

Let p = 4, so that F = fv + F, with F a 4-form on K. It follows that |Fp = — + |Fp. From the Einstein 
equations g^^R^^ = -|(f2 + [pp), whereas g'^''Rab = + gf^/ which is again positive. 

If p = 3, F = V A a + F, where a is a 1-form on K. The Ernstern equations now imply that g'^^Rixv = 
— lap — g|Fp < 0, whereas g''''Rab = + ||Fp, which is positive. 

Finally, if p = 2, F = v A |3 + F, where |3 is a 2-form on K. The Ernstern equations now imply that 
g^'^R^^ = -|||3p - i|Fp < 0, whereas g'^^'Rab = I (IpP + [Fp), which is again positive. 

4.2. AdSj backgrounds. The possible backgrounds of the form AdSy x are given below where the 
first corresponds to the well-known Freund-Rubin background. 

(1) AdSz xS* (2) AdSy xCP^ (3) AdS? xS^ x 



They solve the field equations provided that the metric on the AdS? obeys R^^ = — gf^g^v whereas 
that of the four-dimensional riemannian manifold obeys Rab = jf^gab- This means that we must take 
the compact forms. The only subtlety is that CP^ does not admit a spin structure. So strictly speaking 
we cannot perhaps include it as a supergravity background; although it does satisfy the equations of 
motion. The radii of curvature of the two 2-spheres in AdSj x x are equal. 



AdSyxS* AdSyxCP^ AdSy xS^ x 



(42) 



4.3. AdSfi backgrounds. There are no AdSg x backgrounds. All possible such geometries are ruled 
out either because they have no nonzero F or if they do because they have a flat direction and this is 



incompatible with the Einstein equation as described rn Appendix B.3 



4.4. AdSs backgrounds. The AdSs x backgrounds are listed below and described rn the sequel. 



(1) AdSs XCP3 

(2) AdS5xG + (2,5] 



(3) AdSs xCP^ X $2 

(4) AdSs xS^ X $2 



(5) AdSs X $2 X $2 

(6) AdSs X $2 X $2 



$2 

T2 



4.4.1 . AdSs X CP'' and AdSs x G J (2, 5) backgrounds. The geometry AdSs x CP'' supports a background. In- 



deed, F = |fcu A cu, where cu is the Kahler form on CP''. As shown rn Appendix A.l we may write 



cu = 0^2 _|_ 034 ^ q56^ relative to an orthonormal coframe. Then F = f (0i234 _|_ gi256 ^ g34Sb-j^ from where we 



see that IFp 
become 



: 3f . Similarly, Fj 



f (023* -I- 0256), etc... from where (Fi, Fj ) = 2f2gij . The Einstein equations 



2 ' yp 



and Rab = |f^gab ■ 



(43) 



The invariant metric on CP^ is Einstein due to the irreducibility of the linear isotropy representation, 
hence these equations are satisfied simply by taking th e righ t scalar multiple of the metric. Exactly the 



same argument shows, using the results in Appendix 
ground 



A.2 



that AdSs xGj(2, 5) also supports a back- 



AdSs xCP^ 



AdSsxG+(2,5) 



ifa;2 



(44) 



4.4.2. AdSs xS'* X $2 and AdSs xCp2 x $2 backgrounds. The geometries AdSs xS* x $2 and AdSs xCp2 x 
themselves do not admit solutions of the Einstein equations, but do if we consider the hjrperbolic plane 
H2 instead of $2. In either of the two cases, we must have F = fw4, where cu4 is the volume form of S* or 
Cp2, whence |F|2 = f2. Therefore letting |i, v, . . . , i, j, . . . and a, b, . . . denote indices in AdSs, H2 and S* (or 
Cp2), respectively, we find the following Einstein equations: 



- -gf^gi- 

where we have used that (Fa, Fb) = 
applies. 



-5f2gij and Rab = jf^gab , 



(45) 



f2gab- The usual caveat about Cp2 not admitting a spin structure 



AdSs xH2 



AdSs xH2 X CP2 



(46) 
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4.4.3. AdSs xS^ X X and AdSs xS^ x x backgrounds. The geometry AdSs xS^ x x admits 
a three-parameter family of backgrounds; although for some values of those parameters one of the 
should be substituted by or T^. Let us write F = fiffi A (J2 + f2^2 A CT3 + fsai A CT3, where ffi are the 
volume 2-forms of the three "spheres". Then |Fp = f 1 + f 2 + ^ 3 Einstein equations for the AdS 

factor say that R^^ = — g (f 1 + + ^3 i 9 which just sets the scale. In particular, not all f i can be zero. On 
the other hand, the Einstein equations for the three two-dimensional factors are of the form Ric = jAg, 
where 

Ai=f? + fi-lfi A2 = f? + fi-ifi and A3 = + - if? . (47) 
The sum of any two of the As is positive, hence at most one of them must be non-positive. This means 
that we have three possible geometries: 



AdSs xS^ X X Ai > Vi (48) 



AdSs xS^ X X Ai=0 3!i (49) 



AdSs xS^ X X Ai<0 3!i| (50) 

The regions in defined by the above (in)equalities are easy to describe: for the case of x x 
it is the outside of the double cones defined by f j = 2(f2 -I- f^) and cyclic permutations, whereas for the 
case of X X it is the interior of any of these double cones. The boundary of these regions is the 
union of the three double cones themselves. All such regions are conical (meaning that they admit an 
action of K+) due to the homothety invariance of the equations of motion of 11 -dimensional supergravity: 
g i-s- e^^g and F i-s- e''*F. This means that they are defined by their intersection with the unit sphere, its 
link. Figure [1] illustrates the F-moduli for this geometry. 




AdSs X $2 X $2 X 72 



AdSs xS2 X $2 X 



AdSs X $2 X 52 X $2 



Figure 1. F-moduli for AdSs xS x S x S geometries 



A comment on this and similar figures. Figures like |T] depict a compactification of the F-moduli space. 
The boundary geometry, AdSs x $2 x $2 x 72 in this example, is reached from either AdSs x $2 x $2 x $2 
or AdSs X $2 X $2 X h2 by letting the radius of curvature of the $2 or the H2 tend to infinity. It is therefore 
infinitely far away and one can therefore not cross the boundary, just approach it from either side. 

4.5. AdS4 backgrounds. In any such background, F = fv -|- F, where v is the volume form on AdS4. The 
condition F A F = becomes fF = 0, whence either f = or else F = 0. The latter case is the standard 
Freund-Rubin ansatz. Here |F|2 = — f2 and the Einstein equations become 



3 ' yp 



and 



(51) 



This last equation means that only compact riemannian symmetric spaces can appear and moreover no 
flat directions are allowed. The case where f = is where F = F. The Einstein equation for the AdS 
factor simply sets the radius of curvature: R^^ = — 5ll^Pg^^'■ The only conditions come from the Einstein 
equation for the riemannian factor: 

Rab = i(Fa,Fb)-l|F|2g,b, (52) 
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whence tracing R = jlFj . This means that there has to be at least one compact non-flat factor. Notice 
also that any geometry with flat directions but where F has no legs along the flat directions cannot occur. 
The reason is that the Einstein equations along the flat directions say that Rij = — g|Fpgtj, whence since 
Rij = force F = 0. These considerations result in the following six classes of backgrounds. Those 
backgrounds with F = f v have been known since the early 1980s in the context of homogeneous Freund- 
Rubin backgrounds |20|. 

4.5.1 . AdS4 X S"^, AdS4 x x and AdS^ x SLAG3 x backgrounds. The first is of course the well-known 
Freimd-Rubin vacuum. In all cases, F = fv, and 

Rn^ = -jf^gn^ and Rab = gf^gab • (53) 
In particular, the radii of curvature of all the compact riemannian symmetric spaces are equal. 



AdS4xS*xH3 AdS4xCP^xH3 AdS4 xS^ x x F = f a 



AdS4 X AdS4 X X AdS4 x SLAG3 x F = f v (54) 

4.5.2. AdS4 xS* X S^, AdSi xCP^ x and AdSi xS^ x x S'' backgrounds. Here we have F = fov + ficr, 
where a is the volume form on or CP^ or x S^. The condition F A F = says that fofi = 0. If fj = 
we have the standard Freund-Rubin background, whereas if fo = 0, then since F has no legs along the S^, 
those components of the Einstein equation say that it has negative scalar curvature and hence we must 
take H^. This gives rise to two distinct classes of backgrounds. 

AdS4 xS'^xS^ AdS4 xCP^ x AdS4 xS^ x x F = f v (55) 

, (56) 

Notice that the boundary cases, where the curvature of vanishes, cannot occur because they force 
F = 0. 

4.6. AdSa backgrounds. These are the AdSa xM* backgrounds: 

(1) AdSs xCP^ X $2 (5) AdSs xCP^ x CP^ (10) AdSa xS^ x T^ 

(2) AdSs xG^(2,5) x (6) AdSs xS'' x x (11) AdSa xS^ x x x 

(3) AdSs xS* X S* (7) AdSs xCP^ x x (12) AdSa xS^ x x x 

(4) AdSs xS^x CP2 (8) AdSs xCP^ x x (13) AdSs xS^ x x T* 

(9) AdSs xS3 X $3 X t2 (14) AdSg xS^ x T'^ 

4.6.1 . AdSa x CP'' x and AdSa x GjJ (2, 5) x backgrounds. Let us consider the geometries AdSs x CP^ x 
and AdSa x G J (2, 5) x S^. Let M stand for either CP^ or G J (2, 5). In this case, F = fi i cu^ f2a) A cj, where 
w is the Kahler form on M and ct is the area form on S^. Then F A F = fif2cu3 A ct, which vanishes if 
and only if fif2 = 0. Also |Fp = 3(fj -I- f^], whereas along the sphere (Fa,Fb) = 3f2gab and along M, 
(Fi,Fj) = (2f| -I- f|)gij. This implies the following Einstein equations: 

V =-i(f? + fi)g^.v Rij = lf?gij Rab = (fi-if?)gab. (57) 

Since M is not Ricci-flat, we must have f 1 ^ 0, whence f 2 = and hence we must have instead of the 
sphere. In summary. 



AdSs XCP3 X h2 AdSa xG + (2,5) x F = flcu^ (58) 



with Einstein equations Ric = jAg for each factor, where Am = — AAdSs ~ ~^h^ = 

4.6.2. AdSa x x backgrounds. Let us consider backgrounds with the geometry AdSa x x N^, 
where M, N are 4-dimensional irreducible, or M = and N = x S^. (The case AdSa xCP^ x x 
is treated below.) In these cases, F = fjVM + f2'^N is a linear combination of the volume forms. Since 
F A F = 2fif2VM A vn , we see that fifx = 0. Notice now that |Fp = fj + f^, whence the AdS components of 
the Einstein equations are R^^, = — glff + filg^^// whereas the components along M and N are 

Ric'M) = l(2f2_f2)g(M) Ric'^' = l(2f2-f2]g(N) . (59) 

This means that ]Vl and N can be compact or noncompact depending on whether 2f2 — ^2 and 2f2 — are 
positive or negative. (They cannot be zero, because we have assumed that neither M nor N are flat.) Since 
fif2 = 0, then precisely one of them must be zero. If fi = 0, then M is noncompact and N is compact, 
whereas if f2 = the it is the other way aroimd. In other words, F is proportional to the volume form of 
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the compact factor. Letting CH^ — the complex hyperbolic plane — denote the noncompact dual to CP^, 
we have the following backgrounds: 



AdSsxS^'xH* AdSaxS^xOT AdSa xCP^ x H'' AdSs xCP^ x Crf F = fv, 



compact 



AdSs xS'^ X X AdSs xS^ x x F = fv, 



compact 



4.6.3. AdSa xS'' x x and AdSa xS^ x backgrounds. The F-moduli space for these backgroimds is 
illustrated in Figure |2] 




AdSs xS^ X 



AdSs xS3 X S3 X t2 



Figure 2. F-moduli for AdSs xS^ x S'' x geometries 

Let us first consider the AdSa x S'' x geometry. Here the most general F is given by F = V3 A a + 
CT3 A |3 + Y/ where a, (3 e Q^(T^) and y e n*(T^). The equations F A F = impose the relations a A (3 = 0, 
a A Y = and (3 A y = 0. We have two cases to study depending on whether at least one of a, (3 is nonzero 
or both are zero. 

If both a and |3 are zero, then we can take y = f d^)^^''* without loss of generality, but then the Einstein 
equation for says that f ^ = and hence F = 0. Therefore, we must have at least one of a, |3 nonzero. 
In that case, a and (3 are proportional and *y is perpendicular to both. In other words, we can bring F to 
the form 

F = dd^ A (fov + fiag + f2dd^^^) . (60) 

The T^ Einstein equations become — fg + f f + f 2 ~ ^2 ~ ^' whence f 2 = and fj = fg- This means that 
|Fp = 0, and hence the Einstein equation says that Ric = jff g, whereas that of AdSs is Ric = — jfig- In 
summary, we have 



AdSsxS^xT^ F = f(v±CT3) Ad«5 . 



For the geometry AdSa x S'' x x T^, the most general F is 

F = V3Aa-|-a3A(3-|-a3AY, 



(61) 



(62) 



where a, |3, y are invariant 1-forms on T^ not all of which are zero. The equation F A F = implies 
that aA(3=0, aAY = and (3 A y = 0. This means that a, (3,y are proportional and hence F = 
dd^ A (foV3 + fiCT3 + f2cr3), whence |Fp = — fg + f f + f|. Since F has no dd^, the 0^ Einstein equation says 
that |Fp = 0, whence ^0=^1+ ^2- The Einstein equations for AdSs and the two 3-spheres are of the form 
Ric = jAg, where 



^AdS, 



'2 ■ 



(63) 



Notice that if f2 = or f 1 = 0, we recover precisely the AdS3 xS^ x T^ backgroimd discussed above. In 
summary, we have 



AdS3 



F = d^l A (foV3 + fia3 + f2(J3) 



f 2 
To 



(64) 
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• AdSsxS^xT*^ 

• AdSsxCP^xT* 

_ AdSs xT* X $2 X $2 

_ AdSs xCp2 X S2 X t2 

_ AdSa xCp2 X h2 X t2 

■ AdSs xCp2 X h2 X h2 
I AdSa xCH2 X $2 X $2 

■ AdSg XCP2 X $2 X H2 

■ AdSa xCp2 X $2 X S2 



Figure 3. F-moduli for AdSs xCP^ x $2 x $2 backgrounds 

4.6.4. AdSa xCP^ x $2 x $2, AdSs xCP^ x $2 x t2, AdSs xCP^ x T*, AdSs xS2 x $2 x and AdSa xS2 x 
backgrounds. All these backgrounds can be obtained from AdSs x CP^ x $2 x $2 by allowing the curvature 
of some of the factors to vanish. The resulting F-moduli space is illustrated in Figure |3] 
Let us start with AdSs xCP^ x $2 x $2. In this geometry, the general F is given by 

F = fl |a)2 + f2a) A ai -I- f^w A cr2 + f40'i A CT2 / (65) 

where cu is the Kahler form on CP^ (or its noncompact dual) and cxi 2 are the area forms on the spheres (or 
hyperbolic planes). The equation F A F = imposes the relation fif4 -I- 2f2^3 = 0. The Einstein equations 
for each of the factors take the form Ric = gAg, where AAds., = — I^F = — (f? + 2f^ + 2f^ -|- f|) and 



As2 
As,2 



: 2f? + f2 + f2 _ f2 

:-f?+4fi-2fi + 2fl 
:-f?-2fi+4fi + 2f| 



(66) 



Depending on the value of the As we obtain different backgrounds. First of all, we notice that the sum 
of all the riemannian As is non-negative, hence not all three can be negative. Furthermore, if Af,p2 ^ 0, 
then Ajz ^ and A^ ,2 > and similarly if all inequalities are strict. Assuming for the moment that no A 
vanishes, we have the following possible backgrounds. 



AdS3xCp2 X $2 X $2 f2_f2+ l|p|2 >0, | |F|2 - ff - 2f2 > 0, 



- 2f| > 



(67) 









-f? 


-2f2<0 


and 


?IF|2 

3|r| 




- 2f2 > 


AdSa xCP^ X $2 X h2 


f?-fl + ^[Fp>0, < 






















-f? 


-2f2>0 


and 


^IF|2 

3ir| 




- 2f2 < 



(68) 



(69) 



(70) 



AdSa 


XCP2 X H2 X H2 


f? 


-fl + 




>o. 




-f? 


-2f2<0, 




f2 


-2fl<0 




AdSa 


xCH2 X $2 X S2 




-fl + 




<o. 


?IF|2 
3ir| 




-2f2>0, 


3ir| 


f2 


- 2fi > 



Allowing either As2 or A5,2 to vanish, we obtain the geometry AdSa xCp2 x $2 x T2. However, the 
existence of the flat direction means that our Ansatz for F is not the most general one and hence it is 
conceivable that this geometry might allow for a branch of backgrounds different from the degeneration 
of the previous backgrounds. We will see, though, that this does not happen. Indeed, the most general 
F here is given by 

F = foV3 A V fl + f2cu A a + fscu A d^^2 + f^^ a dd^^ . (71) 
The equation FAF = leads to fof2 =0,fofi = and 2f3f2 + f4f i = 0, whereas |F|2 = -f2 + 2f2-Ff2+2f2 + f2. 
The T2 components of the Einstein equations say that IFip = |F2|2 = ^|F|2, which translates into fo = 
and 4f2 + li\ 



+ ff- Since fo = 0, we are back in the previous Ansatz for F and hence all the 
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AdSs X X X backgrounds are obtained by letting the curvature of either one of the two S^s go to 
zero. There is no AdSs x CH^ x x background, since as we saw before if A^pz < then Ajz > and 
A5,2 > 0. In summary, we obtain the following backgrounds 



AdSa xCp2 X S2 X t2 f? - fl + l|Fp > 0, < 


^||F|2-f2-2f2 =0 and ||F|2 - - 2f2 > 
or 

J|F|2-f2-2f2 >0 and §|F|2 - f2 - 2f2 = 




AdSs XCP2 X h2 X t2 f? - fl + i|Fp > 0, { 


'||F|2-f2-2f2 <0 and ||F|2 - ff - 2f2 = 
or 

J|F|2-f2-2f2=0 and ?|F|2 - ff - 2f2 < 



(72) 



(73) 



Setting As2 = = \^,2 we obtain backgrounds with geometry AdSs xCP^ x T*, but as before the 
flat directions allow for a more general F and we need to investigate the existence of other branches of 
backgrounds sharing the same geometry but having this more general F. Again we will see that there 
are none. Indeed, in this geometry, the most general F can be written as 

F = V3 A a + fi ia)2 + Ud&'^^^^ + tu A p (74) 

for some a e n^(T*) and |3 e n2(j4-j jj-jg equation F A F = implies the relations aA|3 =0, fia = and 
132 + fif4d{)^234 _ Q jjiust distinguish two cases, depending on whether or not a = 0. 

(1) If a 7^ 0, then f 1 = and |3 = a A for some C e n^(T*). This allows us to write a = fod^)^ and 
|3 = f2dd^2 without loss of generality. The T* equations of motion become the relations 

-fg+2fi + f|=2fi + f|=f|=0, (75) 

which easily implies that f = f4 = f2 = and hence F = 0. 

(2) On the other hand, if a = 0, then we can write (3 = f2d^^2 ^ i^^dd^'^ without loss of generality, 
resulting in the following F: 

F = fi i 0)2 + fzo) A ddi2 + fgeu A dd^^ + f4ddi234 . (76) 

But this is the original Ansatz and hence the backgrounds are obtained from the previous ones 
by setting Agz = and X^a = 0. 

These equations are given by 

_f2+4f2_2f2 + 2f| =0 and - - 2f| + 4f| + 2fl = . (77) 

Subtracting one equation from the other, yields that f-^ = f2 and then f2 = 2(f2 + f|). Squaring the relation 
fif4 = — 2f2f3 and using the above equations, we see that f| = f| (f| + f|), whose only (real) solutions obey 
= f|. In other words, f 2 = f 3 = fl arid f2 = 4f|. In summary, we have 



AdSs xCp2 X T'' F = f(2£ilcu2 + £2cu A d^^2 _ ^^^^o) A d^^* + dd^^^'^] 



(78) 



with Ci signs. This accounts for the black dots in Figure|3] 

Setting Aj,p2 = we obtain backgrounds with underlying geometry AdSs x $2 x $2 x T^, but again there 
might be extra branches of backgrounds withe same underlying geometry due to the possibility of more 
general Fs than the ones considered above. The most general F here is given by 

F = v3Aa+aiA(3 + a2Ay + fid^i234 j_ ^^^^ ^ ^ (79^ 

where a e Cl^iJ'^) and |3,y 6 O.^iJ'^). The equation F A F = says that f4a = 0, aA|3=0, aAy = and 
|3 A y + fif4d{)^234 _ Q YVe must distinguish two cases, depending on whether or not a = 0. 

(1) If a 0, we can bring it to the form a = fgdd^ without loss of generality. Then the equations 
F AF = imply that = 0, and that aA|3=0, aAy = and |3 Ay = 0. The most general solution 
can be chosen to be (3 = f2d{)^2 ^^d y = fsdd^'^ + f(,dd^^. The T^ Einstein equations impose the 
following additional relations 

- f + f? + f| + fs + fi = f? + fi + fs = f? + fi = f? = fsfe = , (80) 

which clearly imply that F = 0. 
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(2) If a = 0, then the most general solution is |3 = f2dd^^ + f3d^34 ^ ^ fsdO^^ ^ fg^^ia + f^d^i* + 
fsdd^^ + fgdid^"^, without loss of generality, so that 

F = Uui A CT2 + fiddi234 + CJ2 A (fzdd^^ + f3d#^) + CTi A (fsdS^^ + fgdd^^ + fydd" + fsd^^^ + fgdd^'^] . (81) 

The equation F A F = becomes the relation fif4 + f2f9 + fsfs = 0. The Einstein equations, 
namely 3 (Fa/l^b) = I^Pgab/ give a number of further quadratic relations. We compute 

Fi = fidd^^ + f2CT2 A dd^ + fscJi A dd^ + f^oi A dd^ + fzcxi A dd* 
F2 = -fid«i^* - f2a2 A dd^ - fsffi A d^^ + fs^i A dd^ 

F3 = fidd^^^ + f3CT2 A d^" - fgCTi A dd^ - fgdi A dd^ + fgai A dd^ 

F4 = -fidd^^^ - f3a2 A d9^ -fvaiA d9^ - fgffi A d^^ 
whence the Einstein equations become 

f? + fi + f5 + f6 + f7 = f? + f2 + f5 + f8 = f? + f3 + f6 + f8 + fi = f? + f3 + f7 + f9 

= 5(f? + fl + f3 + fl + f5 + f6 + f7 + f8 + f9) (83) 

and in addition 

fefs = -hh + = f6f9 = f5f6 = f5f7 - f8f9 = f6f7 = . (84) 

The first equality in equation | [83) says that f I = f 5 + fy whereas the third says that f 7 = f g + fg/ 
whence f 6 = and fg = fj. The second equality then says f 2 + f 5 = f 3 + the last says 

f| = 2f| + f2 + + fj. The Einstein equations for the spheres are of the form Ric = jAg, where 

\=fl + fl+ 2f^ + f| and A2 = f? + + , (85) 

both of which are non-negative. Either can be zero, leading to a AdS3 x x background, to be 
discussed in more generality below. 

In summary, we have 



AdS3 xS^ X X T* 


ff2 + f2+2f2 + f2 >0 




|f2 + f2 + f2 >0 



(86) 

There do appear to be extra branches of backgrounds for this geometry. In fact, the original branch is 



the one where f 7 = f g = and = and fg = f^. We will see in Section 4.6.5 that some of them (those 



:2 



with f7 = f g = 0) arise out of degenerations of AdS2 x S x S x S x S backgrounds where two of the S 
become flat. 

Finally, the geometry AdS3 x x supports backgrounds which are in the boundary between back- 
grounds we have considered previously. It has possible F = V3 A a + a2 A (3 -I- y, where a e 0^(1^ ), 
|3 e n2(T^), y e n*(T^) and (12 is the volume form on S^. Then the equation F A F = implies 

V3ACT2AaA|3+V3AaAy + a2A(3Ay = 0. (87) 

Since all three terms have different types, they must each vanish separately. Since neither V3 nor 02 
vanish, we must have that aA|3=0, aAy = and |3 A y = 0. We have two cases to consider, depending 
on whether or not a = 0. 

(1) If a ^ 0, the first two equations imply that |3 = a A 6 and y = (xAr\. This means that F can be 
brought to the form 

F = f V3 A dd^ + f 1 CT2 A d«12 ^ f 2 d^"'^'' + f 3 dd^^SO + f4 d«1236 _^ f ^ ^^1234 ^ (gg^ 

which satisfies IFp = — fg + Y.l=i f?- Let us now look at the T^ components of the Einstein equa- 
tions: |Fi|2 = i|F|2 for all i = 1, . . .,6 and f2f3 = f3f4 = f4f5 = 0. Since IFip = IFp, this says that 
|Fi|2 = for all i and hence also that IFp = 0, whence fg = ^.l^-^ f?. Now IF2I2 = f f + f 2 + f 2 + f2^ 
whence f 1 = f3 = f4 = fs = 0, but now IF4I2 = f^, whence f 2 = as well and thus f = too. 

(2) Now let a = 0. We claim that y = 0. To see this, consider the Einstein equations in the flat 
directions: 

(Pa, (3b) + (ya,yb) = ^IFpgab = ^(Ipp + ly^gab . (89) 
Tracing with g'^'' we find 

2|pi2 +41y|2 = 2(|pl2 + |y|2) =^ 21y|2 = =^ y = . (90) 



SYMMETRIC M-THEORY BACKGROUNDS 



17 



We may now bring (3 to the form |3 = fid^^^ _^ fjdd^" + fadd^*^, whence ||3p = + + f^. The 
Einstein field equations along the flat directions say that f i = f 2 = ^> whereas along the 
direction, Ric = ffg. 



AdSs xS^ X r 



F = fCT2A(dS^2± 



j34 ^ ^^56-, 



, (91) 

This is precisely the background we obtain from AdSs x CP^ x x after letting the curvatures of 
the CP^ and one of the vanish. 

4.6.5. AdSa x x x x and AdSa x x x x backgrounds. The geometry AdSs xS^ xS^ xS^ xS^ 
admits several families of backgrounds. Letting a^, i = 1,...,4 denote the area forms of the four 2- 
spheres, the most general F is given by F = ^i^T,<j^4fij'7i Aaj, with |Fp = f?j. The equation FAF = 
imposes the following relation fi2f34 + fi3f24 + fi4f23 = 0. The Einstein equations for each of the factors 
are of the form Ric = gAg, where the As are given as follows: for AdSa, A = — |Fp, and for each of the 
factors A is given, respectively, by the following expressions: 



Ai 
A2 
A3 
A4 



:24 + 2f?3 + 24- 
: 2f?, + 2f^3 + 2f|4 ■ 



" T23 



■ T24 ■ 



" T34 



'12 ■ 
2f?3 



+ 2f^3 + 2f^4- 



■■ 2f?^ + 2f|4 + 2f|4 ■ 



1 14 T A 1 24 -r ^ 1 34 — 1 12 — 1 13 — 1 23 

One can see by inspection that the sum of any three of the As is non-negative and if the sum of any three 
is zero — particularly if each of the three is zero — then the remaining A > provided that F ^ 0. In 
summary, we have three possible backgrounds with nonzero curvatures: 



AdSs xS^ 



X 



two A < and two A > 



AdS3 xS^ X X X allA>0| (92) 

AdS3 X X X X one A < and the remaining A > (93) 

(94) 

Letting the curvature of one of the (or H^) vanish we obtain a geometry of the type AdSa x x x 
X T^. This geometry allows for a more general F, since we can have an extra term V3 A a for some 

a 6 n^(T^). However that term is quickly discarded. Indeed, the most general F can be brought to the 

form 

3 

F = foV3Addi+ Y_ fijO-i Acfj +^fiai Ad«^2 . (95) 

l^i<j<3 i=l 

The equation F A F = becomes the relations fofij = 0, fi2f3 + fi3f2 + f23fi = 0. We have |Fp = — fg + 
IIi<) f?) + Hi ff - "^^^ components of the Einstein equation are |Fip = IF2F = and this imposes, in 
particular, fo = 0, whence we are back to the previous ansatz and hence all the AdSs x x x x 
backgrounds can be obtained by letting the curvature of one of the spheres vanish. 

(96) 
(97) 

X J^, which 



AdSs 


xS^ X 


X X 72 


one A 


= and the remaining A > 




AdSs 


xS^ X 


X X 


one A 


= 0, one A < and two A > 



Letting two of the curvatures vanish we obtain backgrounds with geometry AdS3 xS^ : 



were discussed in Section 4.6.4 in more generality. In the notation of that section, the backgrounds ap- 
pearing here are those with f7 = fg = 0. Similarly, letting three of the curvatures vanish we obtain 



backgrounds with geometry AdS3 xS^ x T^, which were also already discussed in in Section 4.6.4 
4.7. AdS2 backgrounds. Finally, these are the AdS2 x backgrounds. 



(1) AdS2 X SLAG4 

(2) AdS2xGc(2,4) x 

(3) AdS2xS7 xS2 

(4) AdS2 xCP^ X S3 

(5) AdS2xG+(2,5) x 

(6) AdS2 xCp3 X t3 



(7) AdS2xG + (2,5) xJ^ 

(8) AdS2xSLAG3xS'' 

$5 X 

SLAG3 xCp2 
X CP2 

SLAG3 XS2 X 



(9) AdS2 

(10) AdS2 

(11) AdS2 

(12) AdS2 



(13) AdSz xS5 X $2 X S2 

(14) AdS2xSLAG3xS2 ; 

(15) AdS2 xS5 X $2 X t2 

(16) AdS2 X SLAG3 xT4 

(17) AdS2 xS^ X T* 

(18) AdS2 xS* X $3 X S2 
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(19) AdS2 XCP2 X $3 X S2 

(20) AdS2 xCP^ X $3 X T2 

(21) AdS2 xCP^ X $2 X T3 

(22) AdS2 xCp2 X t5 

(23) AdS2 xS^ X $3 X t3 



(24) AdS2 X $3 X $2 X $2 X $2 

(25) AdS2 xS3 X S2 X S2 X t2 

(26) AdS2 xS3 X $2 X 

(27) AdS2 xS^ X T'' 

(28) AdS2 xS2xS2xS2xS2xS 



(29) AdS2xS2xS2xS2xT3 

(30) AdS2 xS2 X $2 X t5 

(31) AdS2xS2xT7 



4.7.1. AdS2 X SLAG4 backgrounds. In this geometry, the most general F is proportional to the invariant 
4-form Q on SLAG4 defined in equation 015\ : F = fO. Therefore (Fa,Fb) = 8f25ab and |F|2 = 18f2. The 
equation F A F = is satisfied because SLAG4 has no nonzero invariant 8-forms. The Einstein equation 
for AdS2 is Ric = — 3f2g, whereas that of SLAG4 is Ric 



AdS2 X SLAG4 



(98) 



4.7.2. AdS2 xS^ X $2 backgrounds. In the geometry AdS2 xS^ x $2 the most general 4-form is given by 
F = f V A CT, where v and ct are the area forms on AdS2 and $2, respectively. The equation F A F = is 
trivially satisfied and IFp = — f2. The Einstein equation for AdS2 is Ric = — jf2g and similarly for $2, 
whence we must take h2 instead. The one for is Ric 



AdS2 xH2 X 



fv A a . 



(99) 



4.7.3. AdS2 X SLAG3 xS* and AdS2 xS^ x backgrounds. In these geometries, F = fCT4, where CT4 is the 
volume form on S^, whence F A F = and |F|2 = f2. The Einstein equation for AdS2 says Ric = — gf2g, 
whereas for S*, Ric = 5f2g. The Einstein equation for the 5-dimensional space is the same as for AdS2, 
whence we must take the noncompact dual. 



AdS2 xH^ 



AdS2x(SL(3,M)/SO(3)) x 



f cr4 



(100) 



4.7.4. AdS2 xGc(2,4) x backgrounds. In the geometry AdS2 xGc{2,4) x the most gene ral in variant 
4-form is given by F = fov A oj + fiO'^' + f2n'2', where cu, O'^' are defined in Appendix A.4 Using 
the equations l|223}, the field equation F A F = becomes fo(fi + fi) = 0. Similarly, we compute IFp = 
— 4fQ + 3(ff + ff)7Since F has no legs along S^, that component of the Einstein equation just sets |F|2 = 0, 



whence f q 



f 2 - 
Ric 



|(f2 + f^). This is consistent with fo(fi +'(2) =0 (and F ^ 0) if and only if f2 = — fi, whence 



|f2. The Einstein equation for AdS2 becomes Ric 
= fpg, so it is the compact Gc(2,4) which appears. 



2fQg, whereas the one for Gc(2,4) becomes 



AdS2 xGc(2,4) X 



(101) 



4.7.5. AdS2 xCp3 X and AdS2 xGr(2,5) x backgrounds. In the geometry AdS2 xCP^ x S^, the most 
general F is now F = foV A w + fi^w'^, with cu the Kahler form of CP^. The equation F A F = implies 
fflfi = 0, whereas the norm IFp = 3(f2 — f^). The Einstein equations for CP^ say that Ric = g, whence 
fi 7^ 0. This means that fo = 0. The Einstein equations for are Ric = — |f2g, whence we must take H-'. 
Finally, those of AdS2 are Ric = — jffg. The same calculation applies to the geometry AdS2 xGr(2,5) xS^. 



AdS2xH3xCp3 AdS2 xH^ X Gr(2,5) 



F = ficu2 



(102) 



4.7.6. AdS2 X X and AdS2 x G J (2, 5) x J-' backgrounds. In these geometries the most general invariant 
4-form can be brought to the following form 

fnv A ddi2 + A o) f2a) A dd^^ + fs^a)^ + ^ico A d«23 ^ (io3) 



where oj is the Kahler form and v the AdS2 area form. The equation F AF = translates into the following 
relations 

fjfg = f2f3 = f3f4 = fiU = and fofa + 2fif2 = . (104) 

The components of the Einstein equation impose the relation f2f4 = and in addition the following 
relations: 

- f2 + 3f2 = -f2 + 3f2 + 3fl = 3fi = IIFI2 , 



(105) 
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where |Fp = -fg-3ff +3f^+3f|+3f|. These relations imply f4 = 0, f§ = 3f^ and ff = f^. This last equation, 
together with the first relation in 1 104}, says that fi = fs = 0, whence F = fov A dd^^ + f2cu A d^^^. The 



AdS2 Einstein equation is Ric = —^^29 '^^^ Einstein equation is Ric = |f2g- 



AdS2xCp3xT3 AdS2 xGit(2,5) X F = f(a) ± V3v) A d^ 



12 



(106) 



4.7.7. AdS2 X S'' X X T^ backgrounds. In this geometry, the most general F is given by 

F = fov A d&^^ + fids A dd^ + f20-3 A d^l + fsffg A d^^ + f4CT3 A dd^ + fsCJ^ A dd^ . (107) 

The equation F A F = imposes the following relations: 

fofl=0, fof5=0, flf4=0, f2f4=0, flf3 = f2f5. (108) 

The Einstein equations along T^ give the following equalities: 

f3f4 = f4f5 = flf2 + f3f5 = , (109) 

and 

-f0 + fi + f3 = -f0 + fl = -f? + f5 = 3(-f0-f? + fi + f3 + fl + f5). (110) 

from where we immediately read that f| = f | + and that fg = — fg + ff + + fy Inserting this into the 
remaining equality, we find that fo = 0. Inserting into the relations | |108^ , only the last three remain. If 
f4 ^ 0, then those relations and also the first two in | |109| say that f i = f 2 = f 3 = f 5 = 0, whence f4 = as 
well. Therefore f 4 = and hence f 2 = f 3 = 0. This means that = f j. In other words, F = f (cr3 + aj) A dd^. 
The Einstein equations for the 3-spheres are of the form Ric = gAg, where A = f ^ and A' = f^, whereas for 
AdS2 we find Ric = — gf^g. In summary, we have 



AdS2 xS^xS^xr F = f (cr3 ± cj^) A dr (111) 



4.7.8. AdS2 xS* X X backgrounds. In this geometry, the most general invariant 4-form is 

F = fov A CJ2 + f a'4 , (112) 

with the volume form on S'^. The equation F A F = says that fofi = 0. The Einstein equations 
for AdS2 and are formally the same, whence we must take instead of S^. The equation is then 
Ric = — g(2fQ + f|)g. The Einstein equation for is Ric = g(2fj + fpjg, whence we do have S*. Finally, the 
Einstein equation for is Ric = g (fg — fflg- We have two kinds of geometries, depending on whether 
fo = or fi = 0. 

AdS2 xS'' X X F = fYACT2, 



(113) 



and 



AdS2 xS'' X X F = fa4- (114) 



One might suspect the existence of a background AdS2 x S* x x interpolating between them, but 
the form of F would imply that F = on the boundary. In fact, as shown in Appendix B.3 no such 
background exists. 

4.7.9. AdS2 xS^ X T^ backgrounds. In this geometry, the most general F takes the form 

F = vAa + CT3A|3+y (115) 

where a e Cl^iJ^), |3 6 D.^(T^) and y e n^(T'') are parallel forms on T^. The equation F A F = is 
equivalent toaA|3 =0, aAy = and |3 A y = 0. We must distinguish two cases, depending on whether 
or not |3 = 0. 

(1) If |3 / 0, the first and last equations have as solutions a = (3ACandY = |3A(p, forsomeC e n^(T^) 
and cp e 0''(T^). Without loss of generality we can choose P oc d^^ and hence C oc d^^. We can 
then write cp = d^^ A i|) + x for some 6 D.'^(J'=) and x e 0.^[T^], with dd^ A i]) = d-S^ A x = for 
i = 1,2. Without loss of generality can take = f2dd^'^ + fsdd^^ and hence x = f4d«i''56 fgd^^^e 
Since F = d^^ A H for some 3-form H, it follows that the Einstein equations imply that IF^p = 
(and hence |Fp = 0) for all i = 1, . . . , 6. These equations are given by 

-fg + f? + fi + fi + f| + fi = -fg + fi + fi = fi + fi = fi + fl + fi = fi + fi = fi + fl + fi=0, (116) 

whose only solution is ft = for all i. 
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(2) If |3 = 0, then [Fp = — |ap + lyp and the Einstein equations for the AdSa and factors are of the 
form Ric = gAg, where 

AAds. = -(2|a|2 + IyP) and Ass = |ap - |yP . (117) 

The Einstein equations along the flat directions are 

- (aa, cxb) + {Ya,yb) = -lilocl" " lyl^jQab , (118) 

which upon tracing with g'^'' becomes y = 0. We can therefore bring |3 to the form P = fid^^^ + 
f2dd^'^ + f3d&^^ where f ? = = fi by virtue of the Einstein equations. 

AdS2xS3 X F = fv A (d^^^ _,_ ^^34 _,_ ^^^56^ _ (119) 



4.7.10. AdSa xCP^ x backgrounds. In the geometry AdS2 xCP^ x T^, the most general F takes the form 

F = fovAa) + fila)^ + vAa+cuA|3+Y, (120) 
where a, p e fl^(T^) and y e n^(T^). The equation F A F = gives rise to the following identities: 

2foP + fia = 0, fiy+|3^=0, foY + aAp=0. (121) 

We can distinguish four cases: 

(1) fg 7^ 0, fl = 0. In this case, (3 = y = and hence F can be brought to the form F = v A (foco + 
f2d^^^ + fsdd^^). Since F has no legs along 0^, that component of the Einstein equations says that 
|Fp = 0, but since |Fp ^ here, it means that F = 0. 

(2) fo = 0, fl ^ 0. In this case, a = and y = — p^/fi. This means that F can be written as F = fi^cu^ + 
cu A p - pVfi- Without loss of generality we can let p = fidd^^ + fsdd^, whence P^ = 2f2f3ddi234_ 
Again there is no 9^ leg, whence its Einstein equation sets |Fp = 0, but |Fp ^ here, whence again 
F = 0. 

(3) fo 7^ 0, fl ^ 0. In this case, y = 0, p^ = and a = — 2fop^/fi. Since p^ = 0, it is decomposable, 
whence we can bring it to the form p = f2d^^^ without loss of generality. Then we have 

F = fov A tu + fl Ito^ - A dd'^^ + f2U) A d^^^ . (122) 

fl 

Since F has no legs along the 0'''*'^ directions, any of these Einstein equations sets |Fp = 0, whence 
f2 +2f2 = 2f2 +4f2f2/f2, which is equivalent to ff = 2f2. The Einstein equations for AdS2 and CP^ 
are of the form Ric = Ag, with 

-AAds. =fo + f2 and Acp2 = i(f§ + f^) . (123) 

Since fo ^ 0, we have AdS2 xCP^ x T^ for any allowed values of fo, f2. 

(4) The final case is when fo = f i = 0. Here p^ = and a A p = 0. The equation p^ = says that P is 
decomposable, whence without loss of generality we can let p = izdd^^. Then a A p = forces a 
to be a linear combination of d^^^, dd^^, dd^^, dd^^, d^^^, dd^*, dd^. Using the freedom to rotate in 
the (345) directions, we can assume that d^^* and dd^^ do not appear. This leaves the possibility 
to rotate separately in the (12) and (45) planes. Rotating in the (12) plane we get rid of dd^^ and 
finally rotating in the (45) plane gets rid of d^^^, whence a = d^^ A (fsd^^ _^ f^^^3 We 
have now used all the sjnnmetry, so we are forced to take y to be the most general 4-form, namely 

y = f6d^2345 ^ f^^^l345 ^ ^^^^1245 ^ f^^^l235 ^ f^j,d^l234 _ (^24) 

The Einstein equations along the T^ directions become the following system of equalities: 
fef/ = fefs = f6f9 = fefio = f/fio = fsfio = fgfio = fyfs - f3f4 = Ufs - fsh = ^^5 - iih = , (125) 
and 

f6 + f7 + fi + fi = f?o-f5 + f6 + f7 + fi = 4-fl + fi + f7 + fi = f?o + 2fi-fi + fi + f^ + fi 

= f?o+2fi-fi-fl-fi + f^ + fi + fi = i(ffo + 2fi-fi-fl-fi + fi + f^ + fi + f^) . (126) 

The only solutions are those for which all f i = except for f2 and fa, which satisfy 2f^ = f§. This 
branch is obtained formally from the previous one by setting f o = f i = 0. 
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In summary, we have 



AdSzxCP^xT^ F = ^ (^v^v ± cd) A o) T f2 (v^^' T o)) 



A d«^2 , 



(127) 



where the signs are correlated. 



4.7.11. AdS2 X SLAG3 xCP^ AdS2 xS^ x CP^ AdSi x SLAG3 xT^ and AdS2 xS^ x backgrounds. The res- 
ulting moduli space is illustrated in Figure|4| which although labelled for S^/H^ applies as well to SLAG3 
and its noncompact dual. There are boundaries between the regions corresponding to backgrounds of 
the form AdSa x CP^ x discussed in Section [4.7.10 They correspond to the branch of those backgrounds 
where f = in equation 1 127^ . 




« AdS2 xCp2 X js 
« AdS2xS5xT4 

_ AdS2 xH5 X CP^ 
_ AdS2 xS^ X CH^ 
_ AdS2 xS^ X CP^ 



Figure 4. F-moduli for AdS2 x x CP^ geometries 

In the geometries AdS2 x SLAG3 x CP^ and AdS2 x x CP^, the most general 4-form is 

F = foYAa) + fiicu2, 



(128) 



which automatically satisfies F A F = and has norm |Fp = — 2fg + f j. The Einstein equations along 
(or SLAG3) are Ric = g(2fo — fjjg, whereas those along CP^ are Ric = g(2fj — fg)g and along AdS2 are 
Ric 



- g (4f Q + f I ) g . In summary, we have 
AdS2 XSLAG3 xCP^ 



AdS2xS'^xCP^ 4ff>2fg>ff, 



AdS2 XSLAG3 xCH^ AdS2xS5xCH2 fo > 2ff , 



and 



AdS2 x(SL(3,M)/SO(3)) x CP^ AdS2 xH^ x CP^ 



ff > 2f2 



(129) 



(130) 



(131) 



If we now let the CP^ curvature go to zero, we obtain backgrounds with geometries AdS2 x SLAG3 x 
and AdS2 x x T"*, respectively. In principle, on these geometries we could have a more general F, namely 



which obeys F AF = and |Fp = — fo + fi — fi- The T^ components of the Einstein equation say |Fip = j[Fp 
This translates into the equalities -fg + f f = — f| + f ? = jf— fo + f 1 — f^)- The first equality says fg = 
whereas the second says f| = 2f|. This means |Fp = — 3f^. The Einstein equation for AdS2 says Ric = 



-|fjg, whereas that of the 5-dimensional space is Ric = jf^g. In summary, we have 



AdS2 x SLAG3 xT* AdS2 xS^ x F = f f dQ^^^^ ± Vly A (d^^^ ± ^^siA ^ 



(133) 



where the signs are uncorrelated. These is precisely (up to change of local orthonormal frame) the back- 
grounds obtained by letting the CP^ curvature above vanish. 

If on the contrary we let the curvature of or SLAG3 vanish, we obtain the branch of AdSs xCP^ x 
backgrounds with f = in equation | |127^ . 
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4.7.12. AdS2 X SLAG3 xS^ X S^, AdS2 xS^ x x S^, AdS2 x SLAG3 xS^ x and AdS2 xS^ x x back- 
grounds. The F-moduli space is illustrated for the case of in Figure [s] There is a similar diagram for 
SLAG3 replacing the S^. 




AdS2 
AdS2 
AdS2 
AdS2 
AdS2 



cS2 



77 

S2 



S2 

:T2 



S5 X H2 

$5 X 52 X 72 
AdS2 xH5 X $2 X $2 
AdS2 xS^ X h2 X h2 

AdS2 xS5 X $2 X H2 
AdS2 XS^ X $2 X $2 



Figure 5. F-moduli for AdS2 xS^ x $2 x $2 geometries 

The most general invariant 4-form is given by 

F = fovAcJi +fivACT2 + f2f^i Aa2, (134) 

where Ui are the area forms on the S2s. The norm is given by IFp = — — f? + ^2- equation F A F = 
holds for dimensional reasons, since F has legs along a six-dimensional space. The Einstein equations for 
(or SLAG3) are Ric = 5 (Fq + f 1 ~ ^2 ) 9' whereas the ones for the two $2 are Ric = g (ff + 2f2 — 2fQ ) g and 
Ric = i (f § -F2f I -2ff)g, respectively. The one for AdS2 says that Ric = -i(2f§-F2ff -Ff|)g. It is not hard to 
show that if the scalar curvatures of the is negative (so we have instead) then the scalar curvatures 
of the two S2s must be positive. On the other hand, if the scalar curvature of the is positive, then the 
scalar curvatures of the two S2s are not constrained. Hence we get four types of geometries, depending 
on the values of fo, fi, f2- 



AdS2 X SLAG3 xS2 X $2 AdS2 xS^ x $2 x $2 1 


f2 + f2>f2 

f? + 2fj > 2f§ 

f2+2f2>2f2 


AdS2 X SLAG3 xS2 X H2 AdS2 xS^ x $2 x h2 


f2f2>f2+2f2 
[2f2<f2+2f2 




AdS2xSLAG3xH2 X h2 AdS2 xS'^ x h2 x h2 


r2f2>f2+2f2 
\2f2>f2+2f2 



(135) 



(136) 



(137) 



AdS2 x(SL(3,M)/SO(3]) x $2 x $2 AdS2 xH^ x $2 x $2 



f2>f2 + f2 



(138) 

Letting the curvature of one of $2 (or h2) vanish, we obtain backgrounds of the type AdS2 x SLAG3 x $2 x 
72 and AdS2 xS^ x $2 x 72. The most general F in these geometries is not more general than the one just 
considered, hence the backgrounds are obtained from the ones above simply by letting one of $2 or h2 
in the first two of the above backgrounds become flat: 



AdS2xSLAG3xS2x72 AdS2 xS'^ x $2 x 72 | 


2f2 = 2f2 + f2 
2f2 > f2 


AdS2xSLAG3xH2x72 AdS2 xS^ x h2 x 72 


f2f2=2f2 + f2 
[2f2<f2 



(139) 
(140) 
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If we let both become flat, we obtain the backgrounds with geometry AdS2 x x or AdS2 x SLAG3 x 
in equation 1 133^ , whereas if we let the curvature of the or SL AG3 vanish, we obtain backgrounds with 
geometries AdS2 x x x and AdS2 x x T'' to be discussed below in more generality. 

4.7.13. AdS2 xCP^ X X and AdS2 xCP^ x x backgrounds. The F-moduli for these backgrounds 
is illustrated in Figure |6] 




AdS2 xS^ X T'5 
AdS2 xS^ X X 
AdS2 xCp2 X h3 X t2 
AdS2 xCp2 X t5 
AdS2 XCP2 X $3 X T2 
AdS2 xCrf X $3 X $2 
AdS2 xCp2 X h3 X h2 
AdS2 xCp2 X h3 X S2 
AdS2 xCp2 X $3 X h2 
AdS2 xCp2 X $3 X 



Figure 6. F-moduli for AdS2 xCP^ x $3 x backgrounds 

In this geometry, the most general invariant 4-form is 

F = fov A cu + fiv A a2 + fijO)^ + A cj2 (141) 

The equation FAF = imposes the condition 2fof3+fif2 = 0. The norm is given by |F[^ = — 2fg— f|-|-f|-|-2f3. 
The Einstein equations for AdS2, CP^, $3 and are of the form Ric = gAg, where the constant A takes the 
following values: 

AAdS. =-4fg-2ff-fi-2f2 As3 =2f2 + f2-f2-2f2 

Acp2 = -fl + f? + 2fl + fi As2 = 2fl - 2f? -fl+ 4fi . 

The sum of all but AAdSz non-negative, whence they cannot all be negative. Similarly, if Aj^pz is negative 
then As3 and As2 are both positive. Any other combination of signs is possible. In summary, we have the 
following backgrounds: 



AdS2 XCP2 X $3 X f2 + 2fi -F f| > fg 2fg + f? > -F 2f§ 2fg -F 4fi > 2f? -F fL 



AdS2 


xCP^ X 


S3x 


H2 


f? + 2f^ 


+ f 3 > f 


2fg + f? 


>fl + 2fi 


2f2 


+ 4fi 


<2ff + fL 




AdS2 


XCP2 X 


H3 X 


s2 


f? + 2fj 


+ f3>f0 


2f§ + ff 


<f2 + 2fi 


2f2 


+ 4f^ 


>2f2 + f2. 




AdS2 


XCP2 X 


H3 X 


H2 


f?+2fi 


+ f3>f0 


2fg + f? 


<fi+2f2 


2fg 


+ 4fi 


< 2f? -F 4 , 



and 



AdS2xCH^ X $3 X -F 2f| + fi < f§ 2fg + > -F 2fi 2fg -F 4f^ > 2f? -F fi . 



(143) 
(144) 
(145) 
(146) 

(147) 



Letting the curvature of the (or H^) vanish we arrive at backgrounds with geometry AdS2 xCP^ x 
$3 X T^. However in principle such a geometry admits more general F: namely, 

F = fov A cu -F fiv A dd^^ + h^w^ + A d^^^ -F f4CT3 A dd^ , (148) 

without loss of generality. The equation FAF = imposes the relations fof4 = 0, f2f4 = and fif2-F2fof3 = 
0, whereas the Einstein equations along the flat directions become —i\ + 7.i\ = —i\ + 7S\ -F f | = jIFp, 
where |Fp = — f j — 2fg + 2i\ + ^2 + But now the first equality translates into = 0, whence we are back 
to the same Ansatz for F as in equation 1 except that we impose the additional Einstein equation: 
2fg + 4f3 = 2i\ + f^, which has the effect of setting the curvature of the to zero. In summary, we have 
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AdSz xCp2 X X f2 + 3fi > f ? > 2f^ , 



AdSzxCrfxS^xT^ f2>3fi + f§. 



(149) 
(150) 

(151) 

If we let instead the curvature of vanish we do not obtain any backgrounds within this Ansatz; 
although as we shall see in Section 4.7.15 below, there are symmetric backgrounds with underlying geo- 



and 



AdS2 xCp2 X h3 X t2 2f| > fl . 



X T-^. 



metryAdS2 xCP^ 

If we let the curvature of CP^ vanish, we o btain a branch of AdS2 x S'' x x backgrounds to be 
discussed in more generality below in Section 4.7.14 In addition we can let the curvature of or of 
(but not both) vanish to obtain AdS2 x x and AdS2 x x backgrounds. These latter backgrounds 
were discussed in Section l4.7.9l 

4.7.14. AdS2 xS^ X X X S^ AdS2 xS^ x x x and AdS2 xS^ x x T* backgrounds. In the first 
of these geometries, the most general F is given by 

F = fiv A cTi + f2V A CT2 + A a3 + i^di A cr2 + fscji Aa^ + i(,(j2 A , (152) 

whereas the equation F A F = only imposes the condition fjfg + f2f5 + f3f4 = 0. The norm of F is given 



by |Fh 



^2 ~ f 3 + f 4 + f 5 + ^6- Einstein equations for the different factors are Ric = gAg, where 



As3 



f? + fl + fi- 



2ff + + + 2fi + 2fi - fi 

■2 I _c2 I 0-p2 j-2 



ff - 2fi + + 2f| -fl + 2fi 



(153) 



■2f2. 



■fl+2fi + 2fi 



It is clear that the sum of any three is non-negative, whence at most two of the As can be negative. This 
gives rise to the following backgrounds. 



AdS2 xS^ X X X 


'f? + fi + f3>fl + f5 + f6 
f2 + f2+2f| + 2f2>2f2 + f2 

f2 + f2+2f2+2f2>2f2 + f2 

^f2 + f2+2f2+2f2>2f2 + f2 


AdS2 xH^ X X X 


'f? + fi + f3<fl + f5 + f6 

fi + f2 + 2f2 + 2fi>2f2 + fi 

f2 + f2 + 2f2 + 2f2>2f2 + f2 
/? + f2 + 2f2 + 2f2>2f2 + f2 


AdS2 xS^ X X X 


'f? + f2 + f2>f2 + f2 + f2 
f2 + f2 + 2f2 + 2f2<2f2 + f2 
f? + fi + 2f2 + 2f2>2f2 + f2 
f? + f2 + 2f2 + 2f2>2f2 + f2 


AdS2 xH^ X X X < 


'f2 + f2 + f2<f2 + f2 + f2 
f2 + f2+2f2+2f2<2f2 + f2 
f2 + fi+2fl+2f2>2f2 + f2 

_f2 + fi+2fi+2f2>2f2 + f2 


AdS2 xS^ X X X < 


'f2 + f2 + f2>f2 + f2 + f2 
f2 + f2+2f2+2f2<2f2 + f2 
f2 + f2+2f2+2f2<2f2 + f2 

^f2 + f2+2f2+2f2>2f2 + f2 



(154) 



(155) 



(156) 



(157) 



(158) 
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Letting the curvature of one the vanish, we arrive at backgrounds with underlying geometry AdS2 xS^x 
X X T^. However such a geometry admits, in principle, a more general F: namely, one which can be 
brought to the form 

F = fjv A CTi + f2V Aa2 + fsv A d^^^ + fiOi A 02 + h^i A dd^^ + ^(,02 A d^^^ + fzu A d^^ (159) 

without loss of generality, where v is the volume form on the S^. The equation F A F = results in the 
relations 

f3f4 + fife + f2f5 = 0, f7f4=0, flf7=0, fzfz = , (160) 

whereas the Einstein equations become 

-fi + f2 + fi + f2 = -f2 + f2 + f2= I(f2-f2-f2-f2 + f2 + f2 + f2). (161) 

These equations are equivalent to f 7 = and 

ff + fi+2fi+2fi=2fi + fl. (162) 



In particular, since f 7 = we are back in the Ansatz for F given in equation 1 152 1, but with a particular 
choice of which one of the three $2 has become flat. This means that we can obtain these backgrounds 
simply by setting Ajz^ = 0. Clearly there are similar classes of backgrounds obtained by setting any of 
the other Agz to zero instead. 

In summary, we have - up to relabeling - the following backgrounds: 



and 



AdS2 


xS^ X 


S2> 


<S2> 


<T2 


f3>f5 + f6 


fi + fl>f? + fi 


fi + fl>fi + fi. 


(163) 




















AdSz 


xH^ X 


S2 


X $2 ) 


<T2 


f3<f5 + f6 


fi + fl>f2 + f2 


fi + fl>fi + fi. 


(164) 




















AdSz 


xS^ X 






<T2 


f3>f5 + f6 


fi + fl>f? + fi 


f i + f 1 < f i + f i . 


(165) 



Letting the curvature of another of the vanish, we obtain backgrounds with underlying geometry 
AdS2 xS'' X $2 X T^. Again, though, such a geometry admits a more general F: namely, 

F = fivACT + vAa + -uA|3 + CTAy + f(,dd^^^ , (166) 

where a, y e (T^ ) and |3 e (T* ) are parallel forms on T* and cr and v are the volume forms on and 
S^, respectively. The equation F A F = imposes the following relations 

aA|3=0, aAy + fif6ddi234 =0, fi|3=0, |3Ay = 0. (167) 

We must distinguish two cases, depending on whether or not (3=0. 

(1) If |3 is a nonzero 1-form, then f 1 = and the equations a A |3 = and |3 Ay = imply the existence 
of 1 -forms C and £, such that a = C A |3 and y = £, A (3. The most general F can now be brought to 
the form 

F = foDg A dd^ + f20- A d^^^ + fedd^^^^ + Uy A d^^^ + fsv A d«" . (168) 

Indeed, we can choose |3 = fodd^ without loss of generality, and hence C to be any linear com- 
bination of d{)2 and dd^. But now acting by isometries fixing |3 we can assume that C has no 
dd'^ component. Finally this leaves £, to be an arbitrary linear combination of d{)2 and dd'^. The 
equation F A F = is now automatically satisfied, whereas the T* Einstein equations become the 
following equalities: 

f§ + fl + fi-fI-fi = fi + fi-fl = fi-fi = fi = 0, (169) 

and also f4f5 = 0. This implies that f g = fs = f = and = f|. In particular, it follows that |F| = 
and since F has remained without legs along S^, the Einstein equations would say is Ricci-flat, 
which is absurd. 

(2) On the other hand, if |3 = 0, then F can be brought to the following form 

F = V A (fiCT f2d^l2 ^ f3d034) ^ fgddl234 + q" A [UdQ^^ + fsdd^^ + fydd^^ + fsdd") , (170) 

and the only relation left from FAF = is f2f5 + fif6 + f3f4 = 0. The T* Einstein equations translate 
into the following equalities: 

fsfs = f5f7 = f4f7 = f4f8 = f7f8 = , (171) 

and 

- fi + fe + fl + f7 + fs = -fi + fe + f| = -4 + fi + fi + f7 = -fsfi + fi + fi = W m) 
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where jFp = -f^ - f2 _ f2 + f2 +f2 + f2 + f2 ^ f2 jj^g fij-g^ gf above equalities says that f 7 = f g = 0, 
which means that F now conforms to the Ansatz in equation | |152^ . This means that this family 
of backgrounds is obtained by setting, say, Ajz^ = in addition. 

and the following backgrounds: 



In summary, we have A^i^ 



AdS2 xS^ X $2 X T* 2f§+3f| >f? + fi >fl. 



and 



AdS2 xS^ X X + f| > 2f| + 3f| 



4.7.15. AdS2 xCP^ X X T'' backgrounds. In this geometry, the most general F is given by 

F = fov A o) + fjv A CJ2 + A CT2 + fs^tu^ + vAa+a)A|3 + CT2Ay, 

where a, |3,y 6 n^(T-'). The equation F A F = implies the following relations: 

2fof2 + fifs = 0, 2fo|3+f3a = 0, foY + fi(3 + f2a = 0, 2f2(3+f3y = 0. 

Without loss of generality with can choose the one-forms *a = i^d^^, *|3 = fsdd^ + f^dd^ and *y 
fvdd^ + fsdd^ + fgdd^whence 



(173) 
(174) 

(175) 
(176) 



F = fov A cu + fiv A a2 + f2"^ A CT2 + hjw^ + ^i^ A dd^^ 

+ fso) A d^^3 - fecu A + fyci A dd^^ - f8(J2 A dd" + 19^2 A dd^'^ , 

with relations 

2fof2+flf3 =0, 2fof5 + f3f4 = 0, 2f2f5 + f3f7 = 0, 2f2f6 + f3f8 = 0, 
fof6 = 0, f3f9=0, fof9=0, fof8 + flf6=0, fofz + flfs + f2f4 = . 

The T'' Einstein equations impose the further equalities 

f7f9 = f8f9 = 2f5f6 + fyfs = , 

and 



(177) 



(178) 



(179) 



which can be rewritten as 



2 , 0^2 , ^2 , ^2 _ .f2^2fi+2f^+f^+fi = i(-2fg-ff+2fi+f|-f|+2fi+2fi+f^+fi+f|) , (180) 



f?+2f2 + f2 



: 2f^ + 



f2 + f2 

'4 + Tg 



and 



14 -rz.ig -r ig - -r 17 - 14 -r 19 auva 2fo + fj + 3f9 - 2f2 + . (181) 

The above system of equations is not hard to reduce. One can see fairly quickly that f g = f g = f 9 = 0. 
This means that d^^ does not appear rn F, whence the Einstein equation along will force |F| = 0. In all 
cases, the Einstein equations for the different factors are of the form Ric = ^Ag for some A to be described 
below on a case-by-case analysis. 

There are three different branches of solutions to equations { 178| and 1 181| . 
(1) In the first branch, fo = f 1 = f2 = f3 = fe = fs = f9 = 0, whence 

F = (f4V + fsCU + f7CT2) A d^2^ , 

subject to |F|2 = 0, i.e., f| = 2f§ + i}. This implies that 



(182) 



f2 

T5' 



'CP" - '5' -^52 

whence we have the following background: 



f2 



and 



^AdS2 



AdS2 X X X T^ F = [U^ + fs w + f7CT2) A dd^^ f| = 2f| + 



If we set fs = 0, we get 



AdS2 X X F = (f4V f7CT2) A dd- 



23 



17 ■ 



(2) In the second branch, f j = f2 = fg = f 7 = fg = fg = 0, whence 

F = fov A o) + hluj^ + f4V A dd^^ + fstu A dd^^ , 
where fs = ±V2fo and f4 = ^v^fs, with correlated signs. It follows that 

Appz = fo + fi, As2 = 0, and AAds^ = -(fo + ^5) ' 



(183) 

(184) 

(185) 
(186) 
(187) 



whence we have an AdS2 xCP^ x T^ backgroimd, of the type already discussed rn Section 4.7.10 
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(3) The final branch is very similar to the previous one. In this one we have f4 = f 5 = f 6 = f 7 = fs 
fg = 0, whence 

F = fflV A o) + fjv A CJ2 + f2<^ A CT2 + fs^u^^ / 



with fa = ±v^fo and fi = ^ V2f2, with correlated signs. It follows that 



^52 



0, 



and 



whence we have an AdS2 x CP^ x background, of the type already discussed in Section 
notice that since Ajz = 0, 02 can be understood as dd^^, say. 



4.7.10 



(188) 

(189) 
Indeed, 



4.7.16. AdS2 xS^ X S'^ X X X backgrounds. In this geometry, the most general F is given by 

4 

F = ^fivA(Ji+ fijdiAaj, 

i=l l^i<j<4 



and the equation F A F = results in the following identities: 



flf23 + f2fl3 + f3fl2 = 
flf24 + f2fl4 + f4fl2 = 
fl2f34 + fl3f24 + fl4f23 = 



flf34 + f3fl4 + f4fl3 = 
f2f34 + f3f24 + f4f23 = 



(190) 



(191) 



Since F has no legs along the S^, the Einstein equation sets |Fp = 0, which translates into Xtf? 
Y.i<j fij ■ The Einstein equations for the factors are of the form Ric = 5 Ag, where 



Ai 
A2 



"f 1 + f 12 + f 13 + fl4 
-f^ + ff 2 + f23 + f 24 



A3 
A4 



"^3 + fl3 + ^23 + ^34 
-fl + fl4 + f24 + ^34 



(192) 



The sum of any three is non-negative, whence at most two can be negative. This gives rise to three 
possible geometries summarised below. It is easy to show that the first two cases can indeed occur, by 
considering special solutions with two of the ft vanishing. 



(193) 



and 



AdS2 xS^ X X $2 X X 


' f 2 ^ f 2 1 f 2 f 2 
'12 + '13 + '14 ^ '1 

f 2 + f 2 + f 2 ~> f 2 
'12 + '23 ^ '24 ^ '2 

f 2 1 f 2 I f 2 ^ f 2 

^13 + ^23 + T34 > T3 

f 2 + f 2 + f 2 ^ f 2 
, ' 14 + ' 24 + '34 ^ '4 




AdS2 xH^ X X X X 


'ff2 + f?3 + fM<f? 

f 12 + f 23 + f 24 > ^2 
f 2 1 f 2 , f 2 ^ f 2 
' 13 ^ ' 23 ^ ' 34 ' 3 

, f 14 + f24 + ^34 > ^4 




AdS2 xH^ X X X X 


f 12 + f 13 + f 14 < f 1 

f 12 + "^23 + ^24 < ^2 

f 2 + f 2 + f 2 ~> f 2 
'13 ^ '23 ^ '34 ^ '3 

f 2 + f 2 + f 2 ~> f 2 

I, 'u + '24 + '34 ^ '4 



(194) 



(195) 



I have yet to show that the last system can indeed have solutions. 



4.7.17. AdS2 xS^ X X X T^, AdS2 xS^ x x and AdSz xS^ x T'' backgrounds. The determination 
of the F-moduli space for these families of backgrounds is computationally very complex and I have not 
been able to determine the moduli space. Backgrounds with such geometries do exist: indeed, they have 
appeared already as limiting cases of other backgrounds. The question remains whether some of the 
in the geometries can be replaced by hyperbolic planes. 
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Appendix A. Geometry of some symmetric spaces 

In this appendix we collect some information relevant to the calculations with symmetric spaces. We 
use the following notation: Eij is the elementary matrix with a 1 in the (i, j ) entry and otherwise. We let 
Aij = Eij — Eji and S^j = Eij + Eji denote the corresponding elementary skew- and symmetric matrices. 

A.l. CP^. This is the symmetric space U(4)/U(3) x U(l). The Lie algebra u(4) is the subalgebra of 4 x 4 
skew-hermitian complex matrices, whereas the subalgebra i = u(3) ffi u(l) is the subalgebra of matrices 
of the form 

where A e Mat(3, C), A^ = -A, a e iM . (196) 
The complement p of 6 can be taken to be the M-vector space of matrices of the form 

where v e . (197) 
An explicit M-basis for t is given by the following 10 matrices: 

Xj =iE„, j = 1,...,4, X5=Ai2, X6 = Ai3, X7=A23, X8=iSi2, X9=iSi3, Xio = iSzs , (198) 

whereas an explicit M-basis for p is given by the following 6 matrices: 

Yi = Ai4, Y2 = iSi4, Ys = A24, Y4 = iS24, Yg = A34, Yg = iS34 ■ (199) 

We define an inner product on p by 

(Y, Y') = -i tr YY' for all Y, Y' e p, (200) 

relative to which the above basis for p is orthonormal. The linear isotropy representation of t on p pre- 
serves this inner product. It also preserves the symplectic structure 

iv = e^^ + e^" + e^^ (20i) 

where 0'^ is the canonically dual basis to Ya and 0'''' denotes their wedge product. This means that 
the linear isotropy representation sends t to u(p), which just restates that CP'' is a hermitian symmetric 
space. One sees that Icup = 3 and that D = Icu^ = 01234 + gnse g3456^ whence |ap = 3. It follows that 
(cJa/Cb) = 5ab and that (Oa,^2b) = 25ab- 



°) 
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A.2. Gg(2,5). This is the symmetric space Sp(2)/U(2). The Lie algebra g = sp[2) consists of 2 x 2 skew- 
hermitian quaternionic matrices; that is, X e Mat (2,11) with X* = —X. Explicitly, 



Bp (2) 



a b 
-b c 



Q, c G ImH, b G : 



■}■ 



(202) 



It is clear that dimRSp(2) = 10, as expected. The subalgebra t = u{2) consists of those matrices in sp[2) 
which have complex entries. Explicitly, 



u(2) 



Q b 
-b c 



a, c G ImC, b e C 



(203) 



Again, clearly dimRu(2) = 4, as expected. A natural complement p of u(2) into sp(2) consists of those 
matrices where a, b, c are in jC; that is. 



a b 

-b c 



a,b,c G jcj . 



(204) 



Of course, dimK p = 6. It is clearly a symmetric split, since the entries of the matrices in u(2) are complex, 
whereas those in p are in jC, and = —1 shows that [u(2),p] c p and [p,p] c u(2). 

It is perhaps convenient to write these quaternionic matrices in terms of complex matrices of twice 
the size. We define a right C-vector space isomorphism ^- © by x + jy h- (x, y ), where x, y e C^. 
This induces an K-linear embedding Mat(2,H) Mat(4, C), under which 



A + JB 1^- 



A -B 
B A 



where A,BeMat(2,C) 



(205) 



The image of sp(2) under this embedding is the unitary sjmaplectlc Lie algebra usp(4). The matrix A+jB e 
sp (2 ) if and only if A = —A and B^ = B. The image of the u(2) subalgebra of Bp (2) consists of matrices in 
usp(4) with B = 0, whence 



/ Q b 

-b c 



V 



) 0\ 

) 

a b 

b -cj 



a,ce ImC, b e ' 



(206) 



whereas the image of p in xisp(4) consists of those matrices in usp(4) which have A = 0, whence 



/O 



Q b 

\b c 



— Q 

-b 





— c 


0/ 



a, b, c G C 



(207) 



Henceforth we will identify t and p with their Images in iisp(4). In other words, we wHl Identify 6 with 
the M-span of the following four matrices: 

Xi =i(Eii-E33), X2 = t(E22 - E44), X3=Ai2 + A34, X4 = i(Si2 - S34) . (208) 

and we wlU identify p with the M-span of the following six matrices: 

Yl=Ai3, Y2=iSi3, Y3=A24, Y4=iS24, Y5 = ^ (A14 + A23), Yfi = ^ (S14 + S23) , (209) 

where the reason for the factors of V2 is to ensiire that the Yi form an orthonormal basis with respect to 
the following mner product on p: 



{Y,Y') 



-IfrYY' 



foraIlY,Y' G p. 



(210) 



It is easy to check that the linear isotropy representation Xi ■ Ya := [Xi, Ya] is antisymmetric relative 
to this Inner product and hence defines a homomorphism t so(p). In addition, the linear isotropy 
representation preserves the symplectic structure cu on p defined by 



tu = + + 056 



(211) 



where 0'' is the canonically dual basis to Yq. This means that the image of the linear isotropy represent- 
ation belongs to so (p) n sp (p) = u(p), restating that G J (2, 5) is a hermitian symmetric space. 



where X, Y are 2x2 skew-hermitian matrices. (216) 
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A.3. SLAG4. The grassmannian of special lagrangian planes in is the symmetric space SU(4]/SO(4). 
The Lie algebra su(4) is the Lie algebra of skew-hermitian 4x4 complex matrices, whereas t = 50 (4) is 
the subalgebra consisting of real (and hence skew-s}anmetric) matrices. The complementary subspace p 
can be taken to be the subspace of traceless, imaginary skew-hermitian (hence symmetric) matrices. An 
explicit M-basis for £ is given by the 6 skew-symmetric matrices: 

Xi = A12, X2 = A13, X3 = Ai4, X4 = A23, X5 = A24, Xe = A34 , (212) 

whereas an explicit R-basis for p is given by the following 9 matrices: 

Yi=i(Eu-E22), Y2=i(E33-E44), Y3 = ^(Eii+E22-E33-E44), ^2^^^ 
Y4 = iSi2, Y5 = iSi3, Ye = iSi4, Y7 = iS23, Ys = iS24, Y9 = 1834 , 

which has the virtue of being orthonormal relative to the SO(4)-invariant inner product 

(Y, Y') = - 5 tr YY' for aU Y, Y' G p. (214) 

Relative to the basis Q'^, canonically dual to Ya, the SO (4) -invariant 4-form is given by 

Q = -^2 (e^^''^ — 0^*^^ - e^^^*^ ~ 6^^^^ — 02689^ _ gl358 _|_ gl367 _|_ g2358 _|_ g2367 _ 03456 _|_ g3478 _|_ g3579 _ g3689 (215) 

It follows easily that IQp = 18 and {0.a,0.h} = 85ab- 

A. 4. Gc(2,4). The grassmannian of complex planes in embeds in CP^ as the Klein quadric. It is 
the symmetric space U(4)/U(2) x U(2). The Lie algebra u(4) consists of skew-hermitian 4x4 complex 
matrices. The Lie subalgebra t = u(2) © u(2) consists of those skew-hermitian matrices of the form 

^X 
vO Y 

The complementary subspace p is then the space of matrices of the form 

Z\ 

— T Q I where Z is an arbitrary 2x2 matrix. (217) 

It is clear that dimR p = 8. An explicit M-basis for I is given by the following 8 matrices: 

Xi = iEii, X2 = iE22, X3 = tE33, X4 = iE44, X5 = A12, Xe = tSi2, X7 = A34, Xg = 1834 , (218) 
whereas an explicit M-basis for p is given by the following 8 matrices: 

Yl=Ai3, Y2=iSi3, Y3=A23, Y4=iS23, Y5 = A14, Yg = iSl4, Y7=A24, Y8=iS24. (219) 

This basis is orthonormal relative to the inner product 

(Y, Y') = - 2 tr YY' for all Y, Y' e p, (220) 

which is invariant imder the linear isotropy representation of t Letting 0" denote the canonically dual 
basis to the Ya and in the usual shorthand notation, there is an invariant symplectic structure given by 

tu = + 034 + 056 + 078 (221) 

We have {(Ja, ct) = 6ab arid |cup = 4. In addition there are two linearly independent invariant 4-forms: 

_ gl256 _|_ 03478 _|_ 1 f 01278 _|_ g3456^ _|_ 1 f 01357 _|_ 01368 _|_ gl458 _ 01467 _ 02358 _|_ g2367 _|_ g2457 _|_ g2468^ 

^ * (222) 

q(2) _ gl234 _|_ 05678 _|_ 1 (01278 _|_ g3456 j _ 1 (01357 _|_ 01368 _|_ gl458 _ 01467 _ 02358 _|_ g2367 _|_ g2457 _|_ g2468 j ^ 

Notice that 

q(1) _^Q(2) ^ 1^2 cu Aa<i' = cu AQ'2) = ia)3 . (223) 

In addition, the forms a are self-dual and satisfy a'^' A a<') = 3 b^^d^^^^'^^^^, whence lO'^'p =3. Finally, 
we also have (^Ci'-^\cl\^^^ = fSabS"'- 

Appendix B. Inadmissible anti de Sitter geometries 

Here we list those geometries which do not admit symmetric supergravity backgrounds. There are 
two main reasons: either no nonzero F is available (and they are not Ricci-flat), or there are suitable Fs 
but the equations of motion force F = 0, either F A F / or the Einstein equation again contradicts the 
fact that the metrics are not Ricci-flat. 

B. l. Geometries with F = 0. We now proceed to list those geometries which cannot appear due to not 
having nonzero invariant 4-forms. Only the compact forms are listed, but in fact the noncompact duals 
cannot appear either. 
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AdSe X SLAG3 • AdSs xS^ x • AdSa xS^ x 

AdSe xS5 • AdSs xS^ • AdSa xS^ x x 

AdSs xS'5 • AdSs xSU(3) • AdS2 xS^ x 

AdSs X SLAG3 xS^ • AdSs xS'^ x • AdS2 xS^ x x 

AdSs xS^ X $1 • AdSs x SLAG3 xS^ • AdS2 xS'' 



B.2. Geometries where F A F = implies F = 0. We now list AdSd x M^^"'^ backgrounds which cannot 
appear because there are no nonzero invariant 4-forms obeying F A F = 0. As usual, we only list the 
compact forms of the riemannian synnmetric spaces, but the same holds for their noncompact duals. 

• AdSs X CP'*, AdSs x HP^ and AdSs x ASSOC: Here F = f n, where Q is the unique invariant 4-form 
on CP*, HP^ or ASSOC. Uniqueness means that O is either self dual or antiselfdual, depending 
on orientation. In either case O A O = ±|np dvol, whence F A F = implies that F = 0. 

• AdSs X Gc (2, 4] : The equation F A F = says that the class in ( Gc (2, 4), M) defined by F has zero 
norm relative to the intersection form, and since the intersection form on Gc(2,4) is positive- 
definite, the only solution is F = 0. To see that the intersection form is positive definite, we 
can argue as follows. (1 learnt the following from Elmer Rees.) Recall that the cohomology of 
Gc (2, 4) is generated by the Chern classes ci, C2 of the tautological bundle F subject to the relation 
that F ffi is trivial, where E^ is the bundle whose fibre is the perpendicular plane to the fibre 
of F. Let c^, C2 denote the Chern classes of F^. Then letting c(F) denote the total Chern class, the 
relations are encoded in the following 

c(E©E-L) =c(E)c(E-^) =1, (224) 

wherec(E) = l + ci -I-C2 and c(E^) =l+Cj^-l-c^. The first two relations (in degrees 2 and 4) allow 
us to solve for and c^: 

Ci = — ci and = Cj — C2 . (225) 

The other two relations now become 

cf C2 = C2 and Cj = 2ciC2 . (226) 
Let and C2 be a basis for H^. Then the intersection form is given by 

Cj ■ Cj = 2cf C2 C2 • C2 = C1C2 cf ■ C2 = C1C2 (227) 

which, relative to the basis for given by cf C2, has matrix 

/2 r 



1 1 



(228) 



which is clearly positive-definite. In fact, Cj — C2 and C2 are an orthonormal basis. Alternatively, 



using the results in Appendix A.4 we see that F = AiO'^' + M^^^K and |F A Fp = 3(Af + A^), 
whence if F A F = 0, then F = 0. 

B.3. Geometries where the Einstein equation implies F = 0. We now list those geometries which do 
not give rise to backgrounds because of the failure of the Einstein equation. The heuristic principle in 



Section 4.1 allows us to rule out any geometry of the form AdSd xT^^"'*. 

A second class of geometries which we can rule out are those which have a flat direction and yet 
|F| ^ 0, for then the flat components of the Einstein equation implies that F = 0. These geometries are the 
following: 



. AdSz xS^ X $1 

• AdSz xS2 X 72 

• AdS6 xS* X $1 

• AdS6 xCp2 X $1 



• AdS6 xS^ X 72 

• AdSg xS2 X $2 X S 

• AdS6 xS2 X 73 

• AdSs xCp2 X 72 



• AdSs xS* X 72 

• AdSs xS3 X $2 X Si 

• AdSs xS3 X 73 

• AdSs xS2 X 74 



The only case which might require some explanation is AdSs xS2 x 7*. For that background F = 
cu A |3 -F f T, where w and t are the volume forms on $2 and 7'* and (3 6 n2(7*). We can always choose 
an orthonormal coframe 9^ for 7* relative to which t = A 92 A 9^ A e'' and |3 = A9I A 92 -F ^lQ^ A 9"^. 
Then |F|2 = a2 + ^2 + f2^ whereas (Fi,Fi) = (F2,F2) = a2 + f2 and (Fs,Fs) = (F4,F4) = + f2. The torus 
components of the Einstein equations are then equivalent to 

(Fi,Ei) = 1|F|2 =^ 2(a2 + f2) (229) 
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and 



(F3,F3) = W ^ = 2(vi2 + f2) (230) 



3 

and the two equations together force A = |a. = f = and hence F = 0. 
The following geometries cannot appear either: 

• AdS4xS3xT4 • AdS4 xS^ X $3 X mAdSAxS^xJ^ 

• AdS4 xS^ X X t2 • AdS4 xS^ x x 



The geometry AdS4 x S'' x T* is forced to have F = 0, which contradicts the presence of the AdS4 factor. 
Notice that F = Av4 + [la^ A dd, where era, V4 are the volume forms on and T*, respectively, and dd is a 
unit-norm 1-form on T*. Then the Einstein equations in the 6 direction say that Ree = ^[X^ + whence 
A = |x = 0. Similar arguments allows us to discard symmetric backgrounds with underlying geometries 
AdS4 xS^ X X 72 and AdS4 xS^ x x S^. 

The geometry AdS4 xS^ x x T-' too can be discarded since it forces F = 0. Notice that as discussed 



in Section 4.5 the equation F A F = forces F to have either no legs along AdS4 or else be proportional to 
the volume form v of AdS4. In the latter case, the existence of flat directions in the geometry contradicts 
that |F[ < 0. In the former case, choose flat coordinates Q^-^'^ for in such a way that the corresponding 
one-forms dd^ have unit norm. Let a and cr' denote the area forms on the two spheres. The most general 
form for F is easily seen to be 

F = acj A cj' (|3ct ycj') A d^^ A dd^ + ba' A dd^ A dd^ , 



for some real numbers a, (3,y, 5. One sees that |Fp 



a2 + |32+y2 + 62^ 



whereas [Fip = 52, |F2[' 



(231) 

p2+y2 



and [F3I = P -I- y + 5 , where 1,2,3 refer to the flat directions. The Einstein equations along the flat 
directions imply the three equations |Fi|2 = jIFp . It is not hard to see that the only solution of the three 
equations isa=|3=y = 6=0. 

Finally, the remaining geometry AdS4 xS^ x can be ruled out as well. Again, the existence of flat 
directions allows us to discard the case where F is proportional to the AdS4 volume form. To tackle the 
case where F has no legs along AdS4, let 0^ denote flat coordinates on T^ with dd'^ of unit norm and let a 
denote the area form on S^. Then we have that the most general F is given by 

F = f 1 CJ A ddl2 _^ f 2 (T A d«34 + f 3 £1^2345 ^ ^^1245 ^ f ^ ^^1234 ^ (232) 

To see that this is not obviously wrong, notice that F = cjAa-|-*(3 for a and (3 a constant coefficient 2-form 
and 1-form, respectively, on T^. We are free to rotate the 0^ using SO(5). Now SO(5) has dimension 10 
and the space A^MP ® A^MP has dimension 15, whence we expect that the orbits should be labelled by 
at least 5 parameters. It is not hard to argue that the above form of F is generic by successively fixing 
its form. Indeed, we can bring a to the form fidd^^ -I- f2dd^^, which still leaves the possibility of rotating 
in the (12) and (34) planes separately, to get rid of the and 9* components in |3. Now |Fp = Y-l=i f?/ 
whereas |Fi|2 = ^.^^^g f2, IFzF = ^^^13^5 f?, IF3F = £^^2,3,5 = Li^2,3,4,5 IFgF = f 2 + ij. The 

Einstein equations in the directions become IF^p = jIFp. In particular, all the IFip should be equal. It is 
easy to see from their explicit expressions that the only way this can happen is if f i = for all i, whence 
F = 0. 

The following geometries cannot appear either: 



• AdSs xS^ X $1 

• AdSs xS'5 X 72 

. AdSs xCP^ X 72 
. AdSs xGj(2,5) X 7^ 

• AdSs XSLAG3 xS2 X 



• AdSa xS5 X $2 X $1 

• AdSa XSLAG3 x73 

• AdSa xS^ X 73 

• AdSs xS^ X 52 X 72 

• AdSa xS^ X 74 



. AdS3 xCp2 X 7" 

• AdS3 xS3 X $2 X 73 

• AdS3 xS* X $3 X Si 

• AdS3 xCp2 X $3 X $1 

• AdS3 xS2 X $2 X S3 X Si 



Indeed, the background AdS3 xS^ x S^ cannot appear for the following reason. Here F = fv3 A 0, 
where is the coframe on S^. Then |F|2 = — f2 and the vanishing of the S^ component of the Ricci tensor 
is inconsistent with the Einstein equations unless f = 0: Ree = — jf2. A very similar argument shows 
that AdS3 X S^ x 72 cannot appear. Here F = f V3 A as well and the toroidal components of the Einstein 
equation are inconsistent unless f = 0, which is ruled out on geometrical grounds. Similar arguments 
also apply to eliminate AdS3 x SLAG3 xS2 x S^, AdS3 xS^ X S2 X S\ AdSs X SLAG3 x73 and AdS3 xS^ x 7^. 

The related geometries AdSs x CP^ x 72 and AdS3 x (2, 5) x 72 can be ruled out as follows. In either 
case F = foV3 A dd'^ + fi 1 0)2 + f2tu A dd^^, with cu as before. Then F A F = fofiVs A d^^ Aa)^ + fif2tu3 A dd'^^, 
whence fofi = and fif2 = 0. Along the 72 directions Fi = foV3 + f2cu A d'92 and F2 = — f2cu A dd^, whence 
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lFi|2 = _f2 + 3f2 and IF2P = 3f|. Now the Einstein equations say that |Fip = IF2P = jIFp, whence we 
see that f = and that = fj- But since fif2 = 0, we find that f j = f2 = and hence F = contradicting 
the anti de Sitter geometry. 

The geometry AdSa x S* x x can be ruled out as follows. Here we can take F = foV3 A dd^ + f 1 cr4 + 
f2cr2 A dd^^ without loss of generality. The equation F A F = forces fofi = and fif2 = 0. The Einstein 
equation along the flat directions impose the relations — fg + f 2 = f2 = 5(~fo + ^ 1 + ^2)' whence we see 
that f = and = ff - However since one of f 1, f2 must vanish, both do. 

The geometry AdSs xS* x T* can be ruled out as follows. Here F = foV3 A dd^ + fiV4 + f2di}^^^* and 
F A F = imposes the conditions fofi = and fif2 = 0. The norm IFp = — + f 1 + f 2 whereas in the 
directions, |Fip = — fp + f| and IFjp = f|, for j = 2,3,4. The T* components of the Einstein equations then 
force f = and 2f| = fj. But since fif2 = 0, this forces f 1 = f2 = as well. 

The geometry AdSa xS^ x x can be ruled out as follows. The most general F is given by F = 
V3 Aa + as A (3 + a2 Ay, where a, |3 e 0.'^(J^) andy e ^(T^). The equation F A F = says that aA js = 0, 
oc Ay = and |3 Ay = 0. The former two equations says that |3 and a are proportional (this holds trivially 
if they are both zero) and that y = a A 5, for some 6 e O^(T^). In other words, we can bring F to the 
following form: F = dd^ A [fo^3 + fio^s + f20'2 A dd^). The absence of dd^ in F together with the Einstein 
equation for the 0^ direction says that IFp = 0, whence fg = ff + f2- The 0^ component of the Einstein 
equation now says that f2 = 0, whence F has no legs along the direction. In turn, that implies, via the 
Einstein equation along S^, that is Ricci-flat, which is absurd. 

The geometry AdS^ xS* x x can be ruled out as follows. Here F = foV3 A + f 1 CT3 A d-S + f2^4> 
whence F A F = implies that fof2 = and fif2 = 0, while |Fp = — fg + f j + f^. The Einstein equation in 
the direction, namely IFep = jIFp, imposes 2fj = f | + 2fQ. This means that fi cannot vanish, or else 
F = 0. But then the F A F = equations require f2 =0. In turn this means IFp =0 and since F has no legs 
along the direction, the condition IFp = says that this factor is Ricci-flat, which is absurd. The same 
argument works for AdSs xCP^ x x and AdSs xS-' x x x because, although CP^ and x 
have additional invariant forms, these cannot enter into the definition of F. 

The following geometries are also ruled out: 

• AdS2 xSU(3) X $1 •AdS2xS'^xT3 • AdS2 xS* x x T^ 

• AdS2 xS^ X 72 • AdS2 x SLAG3 xS^ x • AdS2 xS* x x x 

• AdS2 xS'5 X 52 X $1 • AdS2 xS^ X $3 X $1 • AdS2 xCP^ x x x 

• AdS2 xCp3 X $2 X Si • AdS2 xS^ X S4 X Si • AdS2 xS* x S^ x T^ 

• AdS2 xG + (2,5) X S2 X $1 . AdS2 xS^ x CP^ x S^ •AdS2xS4xT5 

• AdS2 xCp2 X CP2 X Si • AdS2 xS^ x S^ x S^ x S^ 

The geometry AdS2 xSU(3) x S^ can be ruled out as follows. The 4-form is F = f H A d^, where H 
is the invariant 3-form on SU(3) given by the structure constants with indices lowered with the Killing 
form. This means that |Fp = f^lHp but also |Fep = f^lHI^. The S^-component of the Einstein equation 
force |Fep = jIFp, which means H = and hence forces F = 0. 

The same calculation which showed the existence of the AdS2 x x S^ background shows that we can 
rule out the geometry AdS2 x S^ x T^, since the Einstein equation for is the same as for AdS2, which 
is absurd. In a similar way we can rule out AdS2 xS^ x S^ x S^, since F takes the same form, yet the S^ 
component of the Einstein equation force it to have zero norm, whence F = 0. 

The geometries AdS2 x SLAG3 xS'' x S^ and AdS2 xS^ x S^ x S^ can be discarded as follows. In both 
geometries, the 4-form takes the form F = fdj A dd, with the volume form on S''. Although F A F = 
is satisfied, the S^ component of the Einstein equation sets f ^ = and hence F = 0. 

The geometry AdS2 xS* x S* x S^ is discarded because the only possible F has IFp ^ 0, yet has no legs 
along the S^. This means that the S^ component of the Einstein equation sets IFp = 0, whence F = 0. 

The geometries AdS2 xCP^ x S^ x S^ and AdS2 xG+(2,5) x S^ x S^ can be ruled out by the following 
argument. The most general invariant 4-form is given by F = fgv A cu + f iv A cj2 + f2<^ A a2 + fa 2 <^^/ where 
o) is the Kahler form and (J2 the area form on S^. The equation F A F = translates into the relations 

fof3=0 f2f3 = 2fof2 + fifs = , (233) 

whereas the norm |Fp = —Sfg — ff + 3f| + 3f3. Since F has no legs along S^, this component of the Einstein 
equation says |Fp = 0. The Einstein equations for AdS2, S^ and CP^ (or Gg(2,5)) are, respectively, 

R^cv =-|(fi + fi)g^v Rij = |(f§-fi)gij and Rab = ^Mg + f| + 2fi)gab ■ (234) 
In satisfying the relations 1233}, if f3 = then the first two equations are satisfied and the third says that 



either fo or f2 must vanish, but in either case then either AdS2 or S would be Ricci-flat, which is absurd 
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Therefore 0. In that case, equations 1 233) are only satisfied provided that fg = f j = f2 = 0, but then 
the condition |Fp = forces fs = as well. 

The geometry AdS2 xS* x CP^ x can be ruled out as follows. The most general invariant 4-form 
is given by F = fov A cu + ficr4 + f2\fJ^- The equation F A F = imposes the relations fofi = and 
fif2 = 0. Since F has no legs along the S^, the Einstein equation implies the vanishing of the norm 
|F|2 = -2f2 + f? + f|, whence 2f2 = f ? + fj. Now, if fo = 0, then f j = f2 = 0, whence F = 0, so fo ^ and 
thus fl = 0. But now the Einstein equation says that it is Ricci-flat, which is absurd. 

The geometry AdS2 xCP^ x CP^ x can be ruled out as follows. The most general invariant 4-form 
is given by 

F = fgv A ai + fiv A (J2 + h^i A CT2 + f32crf + f4i(Ti , (235) 
whence the equation F A F = imposes the following relations 

2fof2 + fif3 = 2fif2 + foU = 2fl + fsU = . (236) 

Since F has no legs along the S^, its Einstein equation sets |Fp = 0, which turns into the relation 

2fl + 2f? = 4fi + fi + fl . (237) 

The Einstein equations for the two CP^s are 

Rab = 2(-fo+2fi + fi)gab and R^-b' = +2fi + fl)ga'b' - (238) 

It is now straight-forward to show that the only nonzero Fs satisfying the relations ( 236 1 and ||237j imply 
that one or the other of the CP^s has zero Ricci curvature, which is absurd. The geometry AdS2 x x 

x T^ can be ruled out as follows. Here F = fov A dd^^ + fi CT4 + f2cr3 A dd^ without loss of generality. The 
equation F A F = implies the relations fofi = and fif2 = 0. The Einstein equation for the T^ directions 
say that -f^ = — f§ -|- f| = j |Fp, where |Fp = — f§ -|- f^ -F f^. The first equality sets f2 = 0, whereas the second 
one says that 2fg -|- f j = 0, which forces F = 0. 

The geometry AdS2 xS^ x x x can be ruled out as follows. Here F = fgV A CTj + fiv A a2 + 
f2CTi A (12 + f30'4/ with CTi, CT2 the area forms on the two S^s and (J4 the volume form on S*. The equation 
F AF = imposes the relations fofs = 0, fifs =0 and f2f3 = 0. Since F has no legs along the S^, the Einstein 
equation along that direction becomes the vanishing of |Fp = — fg — f f + f | -F f^. The Einstein equation 
along now becomes Ric = ^f^g, which means that fa ^ 0. However, this implies that fo = f 1 = f2 = 0, 
which is inconsistent with the vanishing of |Fp. 

The geometry AdS2 x S* x x T'' can be ruled out as follows. The most general F = fov A cr2 + A a -F 
fiCT4 + CJ2 A |3, for some a, (3 e 0.^[T^). The equation F A F = imposes the relations fofi = 0, fia = and 
fl |3 =0. If fl ^0, then f = a = (3 = and the T^ Einstein equations set F = 0. Hence fi = 0. Without loss 
of generality we can bring F to the form 

F = fgv A CT2 + hy A dd^^ + f3CT2 A d^^^ -F f4a2 A dd" , (239) 

with norm |Fp = — fg — f 2 + f 3 + fl- The T'' Einstein equations impose the relations 

-f| + fi + fl = -f| + fi = fl = i|F|2. (240) 

From the first equality we see that f 4 = and from the second that f| = fj. The last equality says that 
fg = 0, whence F = (fov + f$(J2) A dd^-^ with |Fp = 0. But now, since F has no legs along the S*, the Einstein 
equations say that is Ricci-flat, which is absurd. 

The geometry AdS2 x S* x T^ can also be ruled out. Here we may bring F to the following form: 

F = fov A d«12 + f A d^34 + f2CT4 + f3ddl234 + Udd^^"^^ + f5d^2345 (241) 

The equation F A F = imposes the relations fif2 = for all i 7^ 2. The Einstein equations along the flat 
directions become 

-fg + fi + fl = -f§ + fi + fl + fi = -f? + fi + fi = -f? + fi + fl + fi = fl + fi 

= 3(-fo-ff + fi + f3 + fl + f5)- (242) 

These equations imply that fs = f 4 = and that f = f 1 = f 2 = ^3' then f2f3 = would say that F = 0. 

The geometry AdS2 xS'' x S'' x x can also be ruled out. Here F = fova2 + ficr3 A d^) + f20J3 A dd, in 
the obvious notation. The equation FAF = implies the following relations: fofi = and fof2 = 0. The 
component of the Einstein equation says that 3(f j -F f2) = — fg + + f^/ or equivalently, fg + 2f^ + 2f2 = 0, 
which implies F = 0. 

The geometry AdS2 xCP^ x x x can be ruled out. The most general F is given by 

F = fgv A tu -F fiv A cji + f2V A CT2 + h^u^^ + A ai -F fscu A cr2 + ^6^1 A 02 (243) 
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in the obvious notation. The equation F A F = imposes the following relations 

2f4fo + fifs = 0, 2f5fo + f2f3 = 0, 2f4f5 + f3f6 = 0, fofe + f2f4 + fifs = , (244) 
whereas the Einstein equation says that |Fp = 0, since F has no legs along the S^. This means that 

2f2 + f2 + f2 = f2+2f|+2fi + fi. (245) 
The Einstein equations for the AdS2, CP^ and the two S^s are given by Ric = ^Ag, where 

(246) 



2' 

A^p. = -i + fi + fl + fi As?, , = -f? + 2fl + fi 



-AAds, = 2fi + f? + fi Asz , = -4 + 2fi + fi 



(2) 



It can be shown that there are no values of ft satisfying the equations 1 244 1 and 1 245 1 for which none of 
the As vanish. Indeed, let us first assume that fo / 0. Then using all but the third relation in 1244}, we 
can solve for f4, fs, fg in terms of fp, f i, f2, fs; namely, 

f4 = fs = and fg = ^ . (247) 

-ifo -^fo ffl 

The third relation then says fif2f3 = 0, which implies fg = 0. Inserting these expressions into equation 
1245} we find fg = 2fQ, whence in particular fs ^ 0. This implies that fif2 = 0, so that at least one of fj, f2 
is zero. If fi = 0, then f4 = as well and Agz^^ = 0. If f2 = 0, then fs = as well, and now it is Ajz^^ = 0. 
Let us now consider the case fo = 0. Then the relations 1244} become 

flf3=0, f2f3=0, 2f4f5 + f3f6 = 0, f2f4 + flfs = . (248) 

If fa 7^ 0, then fj = f2 = 0, which by equation ||245} implies that fs = 0, contradicting the h5^othesis. So 
let us take fa = 0. Then we have are left with f4f5 = 0, f2f4 + fifs = and f? + f^ = 2f| + 2fi + fi. If f4 7^ 0, 
then f 5 = and f2 = 0, but then the Einstein equation {\ = 2f| + fi implies the vanishing of Agz^ ^ . If f4 = 0, 

then we are left with the equations fifs = and ff + f^ = 2fi + fi. If fs ^ 0, then f 1 = and f| = 2fi + fi is 
precisely the vanishing of ^s]^^ ■ Finally, if fs = 0, then together with the vanishing of fo, fa and f4 we see 
that App2 = 0: a contradiction. 
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